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| was sharing office with Uri Yechiali some 30 years ago when |
met my first bandit

We have since moved like branching bandits and restless bandits
throughout our diverging and converging careers, anditisa
great pleasure be here on the festive occasion of his retirement.

Retired he may be, but | know that Uri will continue for many
years to take part in our searches for new ideas and better

under standing of our stochastic world - | wish him lots of success
and happiness

| chose to return to bandits today as | feel they may lead us to new
directions in optimal control of queues. My survey talk today also
aims to re-state that bandits and their Gittins solution are both
elegant and simple!
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Multiarmed Bandits

Arms; n=1...,N

Processes: Z, (1) i.i.d. countable states space E
Activate: n=n(t)

Trangtions:  p(l,]) = P{ Z(t+1) =] | Z4(1) :i} :
Reward: R(i) bounded -C<R(i) <C

Other arms:. frozen state, no reward.

MaX 7 Entzoat R(Zn(t) (t))

Theorem (Gittins 72-76): The problem is solved by a priority
policy. Priority (Gittins) index is calculated for each arm separately.

Contributors:

Gittins, Klimov, Sevcik, Harrison, Tcha & Pliska, Meilijson &
Weiss, Glazebrook, Whittle, Kelly, Weber, Mandelbaum, Kaspi,
Venott, Katehakis, Kharoubi, Karatzas, Lai, Berry, Fristedt,
Varaiya, Warand, Tsoucas, Tatsiklis, Bertsimas, Nifilo-Mora, Garbe,
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(@ﬁﬁ:ﬁ:mg I nclex:

Max over all positive stopping times:

E@Zz_;at R(Z()) | Z(0) =1
v(i)=sup————

0>0 E%pzlaHZ(O):i
150

.

.

Gittinsorder:
Define completeorder | <10 v(jg V(i)

§ ={i:i<i} §=§ i

Lemma: V(i) isachieved by:
7(i) =min{t: Z(t)<i | Z(0) =i} - 19

Proof. Direct proof

a a+b a+b b a
- < - <= o =

b
- —<—
c c+d c¢c+d d ¢ d
(8 Do not stop when v(Z(t)) > v(i)
(b) Do not continue when  v(Z(t)) < v(i)
(c) Assume V(i) isnot achieved.
Construct improving sequence 0, 1 T(1), Contradiction

(d) All o: v(Z(o))<v(i), g<r1(i) achieve supremum.

G Weiss, E Frostig, University of Haifa 4 Bandits, Y echiali Conference May '06°




Single Arrn Dynamic Programimning:

The fixed arm problem (Gittins):
Play the bandit Z(t) against afixed arm with areward V.

V(i) = max{R() +a3 p(i, ))V(j), vy +av(i)}

The fair charge problem (Weber):
Play the bandit Z(t), for achargeof .

W(i) = max{R(i) -y +ay p(i, )W(j), aw(i)}
» Once you do not play, you may as well stop forever

Retirement Problem (Whittle):

Play arm as long as you want, then retire and take M.
V(i, M) =max{R(i) +a3 p(i, j)V(j,M), M}
Penison: y=(1-a)M

G Weiss, E Frostig, University of Haifa 5 Bandits, Y echiali Conference May '06°

\-




s

Solution of single arm dynarmic progm:

Stopping Set: Sy ={i:V(@i,M) <M
Stopping time: (i, M) (canbe 0 or +)
(i,M)-1 |
V(i,M)=EQ 3 a'RZ() +a TEMIM [ Z(0) =iF
L] i=0 ]

Connection to Gittins index:
M1t Sy , 1(i,M)
M(i) =inf{M:i OSy},
y(1) =@A-a)M(),
(standard arm, fixed charge, pension for 1 )
v(i)=y(),
(i) =1(i,M(1)), (>0, <)

L agrangian approach (dual retirement award)

Fixed policy 71, Vg(i,M) =linear in M
V(i,M) convex increasingin M

Slope increasesfrom 0 to 1
Eq’0M) = d’fAV(i, M) or = slope of subgradient
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The index sample paih:

Fair charge: g(t) = y(Z(t))
Prevailing charge: g(t) =ming(s) =miny(Z(s))
B s<t s<t

To =0, ko =2(0)
Ty =Ty +1(kp-1), ke =2Z(Ty)

Index=fair charge

A
® ® o o
Z(0) o= > Py
1(Z(0)) .
k1.< >
(K1)
L k20
T2
o
fime
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Klirnov's Algorithrm
| to S first passage time
T> =min{t:t >0,Z(t) 0S| Z(0x #

| to S expected discounted first passage time
it =
A=EQy a'|Z(0)=i[
Ht=0 =
T(I)—l []
AT - AT = EDZI(kg—l)an y a'lz(0)=j0
(V=1 t=0 []

L emma:

RO+ (AT ~AT M)
V(l)_ Aﬁs

Corollary:

| S _ASiy\(
v(i):supR(k)+zJ>k(A§( Al V()
KOS A

Klimov's Algorithm: FINITE STATE SPACE:
¢(1)>¢(2)> = @(|EJ)
¢(2) = argmaxy R(k)
-1 = .
RK)+ 3 1<Aks¢<” - AP W(B(}))
J:
AkE\¢(1),...,</)(i—1)

¢(1) = argmax
k£d(1),....0 (i-1)
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st Gittins Pairwise Interchange

Z(0) = Z4(0),...,Z(0)
Z(0) =i *
Z,(0) =i i <i*

§ Gittins  Gittins Gittins
i T

Gittins % Gittins  Gittins
T(1*) TS+

L 1]
v

E%Z_lat R(Z(1))|2(0) =i" §+ Ea® EEpz_latR(Z(t)) 12(0) = j
Ht=0 = [1=0
-1

MO0

ECS atR(Z()|Z(0) = j o+ Eaf’E% Z_latR(Z(t)) 12(0) =i
[1=0 [ Ht=0




24 Prevailing Charge (Weber)

Fair charge g, prevailing charge 9,

If arm n isplayed at thetimes t"(1) <t"(2) <--- <t"(s) <--- :
Optimal

(1) Never stop an arm if fair charge exceeds prevailing charge.

(2) Interleave the arms by decreasing prevailing charge.

Let: g*(t) = decreasing rearrangement of gn(tn([ID

[] 0 _ON o .n ]
EOya'g* 02 EQy Sa' Ognt(9)n
(t=0 [] [h=1s=0 []

ON o« n []
>Egy ya' ORZN(9)NO
[h=1s=0 []
Equality for Gittins policy
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3rd: Lagrangean Approach (Whittle)

With retirement option, for Z(0) =1 optimality equation:
V(i,M)=max,{M, R(@in) +ay plin, ))V(t,- -], rin, M)}

Theorem (Whittle): With retirement option, optimal policy is.
1. Play arm with maximal M(ip).
2. Retirewhen M > M(ip).

Recall:  © V(i,M)=Ea’"™),
Let Ty, betheretirement stopping time.

GUESS: Ty =3 7(in, M)

;Z/IV(I,M): EaTI\/I = EaZT(In’M) :rlaiﬂV(ln,M)

Let Qn(i,M)annd‘fAV(in,,M)
C

then: V(i,M)=C - [ 7 V(in,m)Qq(i,m)dm
M

To complete the proof:

show V(I,m) satisfiesthe optimality equation.
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4ih: Achievable Regions - GCL
(Bertsimas Nino-Maora)

For Initial state Z(0) and policy 7T
17 (t) indicator that 7T playsarm in state i at t.

[]oo [
x"=EQy I a'n

[1=0 []
x{" is performance measure of 7T
S
S-1
Recall: A,-SzE%r'z at|Z(O)=i%
Hto 5

For initial state Z(0) define

TZS(O) = timeto moveall armsto S

b(S) = E{ S al}
t:TEZS(O)

Theorem - Generalized Conservation law:

For every policy TT,
yAXT=b(S), dl SOE.
i0S

Equality = 7 givespriorityto S over S

For S=E: 3 X" = zA-EXin=b(E):i,
iE DE 1-a
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Proof Consider realization under 7T .

Time axisisdivided into:

SO <-- <sO(TZS(0)) armsoriginaly in S° are played
beforethey enter S
s@<---<s() < armsin state i S are played.

S1D<-- <5 (TiS(i,I) -1)  thearmplayed attime s (l) is
subsequently played aslong as

itisin S°
TS D .S, _ |:|
1 Z(0) 00 _ T2D-1 ¢
(1): m: > aSO(r) +_z S ma(l) + 3 a%,l( )[|
r=1 IS 1=0[] E1 (]
(2): .
< 5 T2 -1
Z Z as +q +---q >
iTS+ 0 gl L
o [ T2600)-1 o (0 20)
>y 5+’ s o8 1 _ s g% 5
i0S =00 F1 0 1-a I
1 S —1[] TZS(O)
> —@+a +...aTZ(0) 1 :a
1-a 1-a

Equality : holds (pathwise) = 77 givespriorityto SC over S

Take expectations to complete the proof.
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(4th: LP Forrmulation
Finite Staie Space

For initial state Z(0) and policy 7T
17 (t) indicator that 7T playsarm in state i at t.

x =E(5 I/ (H)a')
t=0

Achievableregion - relaxation of bandit problem:
max Y R(1)X;
| LIE
T ASx 2b(S), SOE
1S
1
Z Xi = b(E) - -
iCE 1-a
X; 2 0

This LP isan extended Polymatroid
Extreme points < Priority laws of all permutations

Optimal solution conincides with Gittinsindex priority policy.
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(The LP solution - finite state space

Primal LP Dual L P*
max 5 R(I)X
ILE min zb(S)yS
T ASx 2b(S), SOE SUE
i0S T ASyS <R(i), iOE

1 SIS

S x =b(E)=-
iE 1-a y><0, SOE

Xj 2 0
Gittins priority policy:

S AlX =b(§) 3 AP >b(9),S%§

=i jS
yI 20, y>=0, S#S
Dual Solution

yE=maxR(),  y¥O =v(g() -v((i -1) <O
Thisis seen from Klimov' salgorlthm
R(K) + m?“” AL W(()))

vig())= max E (D
k£ (L),...6 (i-1) A
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Extension to countable state space:
Infinite countable number of unknowns X; | JE and
Infinite uncountable number of constraints SO 25

(1) Generalized conservation laws hold:

max Y R(1)X;
I LE
T A>x 2b(S), SOE
1S
1
Z X; = b(E) - =
Ju= 1-a
X; 2 0
(2) Instead of Klimov's algorithm we use;

RIO+S i (A ~A V()

(i) = sup s
kOS A

Generalized LP:

Ax-b OR, A'y*-ROP,-

x *

R y DPY*

X,y* optimal if
(i) xisfeasble: Ax-bUOR,, X1 R

(i) y* isfeasble: A'y* -R 0P+, yO R,
(i) x,y* complmntary slack: < Ax —b,y* >=0, <x,A*y* R >0
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Generalized LP

Primal space

XX ={X}e 2IX|<e
=

R Positivecone |x; |20

*

X" linear functionalson X, ROX ,< X, R= > R(1)X
iOE

R ={x*:<x,x* >20 all x UR}
Transformation:

x - y=Ax y:i2F o R y(9 =3 A%
i
Dual space

S
E(aTZ(O) )

Y : contains b:2F - R b(S) =
and y=Ax, x[X
R : Y(§=0 SUE, Y(EF O
Y R
A*y* OX : < x,A*y*>:< AX,y*>
max < X. R > min<b,y* >
Ax —b OR, A'y*~ROP, .
x LR y* OR, -

Lemma: Y isasubspace of all functionsfrom 2E . R with
"bounded variation".
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The generalized LP Solution:

max < x, R > min<b,y* >
Ax —b OR, A'y*~ROP, .
x LR y* OR, -

if X, y* satisfy: feasible and complementary slack then:
X, Y* areoptimal.

G % G rexpected discounted time an arm in statel
X COXiT=
'~ Hisactivated under Gittins priority policy

v OY i< yvr= SviINES); WS

| CE
(a) AxC - b LRy, XGDPX by conservation laws (LPisa
relaxation)
(b) A*v*—RDPX*, and <x® A"v*-R>=0
follow by showing that A v* ~-R=0

(©) <Ax® -b,v* >=0
follows directly from definition and conservation laws.

(d) v* DPY* follows from Klimov's algorithm.
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Do we need countable staie space?

(1) Bernoulli bandits. Arm wins with probability 6. Prior
distribution for arm is 6 ~ Beta(a, b).

p.0
Z(0)=(ab) Z(t+1)|Z(t)=(mn) = éﬂ;ig x E_ 1-0

we do not know how to calculate the index!

(2) A single server queue has countable but quite well ordered
state space

Multi class queueing networks have countable not well ordered
state spaces

Do we need countaole achievable
region proof?

Y es, because new theory for restless bandits, using Whittle index
and Nino Moras Marginal Productivity Index are based on
achievable region and partial conservation laws.
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Resiless Bandits

Arms; n=1...,N

Processes: Z, (1) i.i.d. countable states space E
Activate: m out of N. remaining N —m are passive
Trangtions:

pL(i,J) = P{Zn(t +1) = ] | Zy(t) =i, arm n activg,

p%(i,j) = P{Z,(t +1) =] | Zn(t) =i, arm n passive
Rewards:
Rl(i) active reward

R2(i) passive reward
bounded -C <Ri),R%(i) <C

o t N a(n,t)
max; Eq ¥ a3 RE(Z(1))
t=0 n=1

Whittleindex: Vaue of subsidy for being passive which makes
the state indifferent between active or passive (deifned for
undiscounted long term average reward).

Generalized by Nino Moraas Marginal Productivity Index

Index priority policy isnot optimal

Contributors:
Whittle, Weber & Weiss, Glazebrook, Nifio-Mora
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Two rmodels:

(1) The 2 node 3 classes network with infinite supply of work
(Adan & Welss):

>

00 O\\‘ﬂ
O« O

N,

We know how to calculate steady state distribution under LBFS

We do not know how to calculate optimal policy. Should be
threshold policy: Feed ny, only when N, <s(ng)

Can we calculate an index?

(2) The Rybko Stolyar network with infinite supply of work
(Kopzon & Weiss)

00 Q——:HO__’
—Oli~—+O =

n,

This system will be stable with both nodes working all the time,
under awhole class of threshold policies. We do not know which
Isoptimal.

Can we calculate an index?
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