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Abstract.  We consider the separated continuous linear programming problem with linear
data. We characterize the form of its optimal solution, and present an algorithm which solves
it in a finite number of steps, using an analog of the simplex method, in the space of bounded
measurable functions.
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1. Intro duction

Bellman [9,10]intro ducedthe following contin uouslinear programming problem,
with unknown vector of functions u(t), to model someeconomicprocesses:

Py

max, ¢ (t)u(t)dt
0
!
ot

CLP st. HuM +  G(s,tu(s)ds! a(t), (1)
0
ut)" 0, t#][o,TI.

GeorgeDantzig was very interested in this problem, which was pursued by his
students Perold [23,24] and Anstreicher [7] who searted for a simplex based
solution. Seealso Grinold [16] (duality) and Ito, Kelley and Sads [18] (interior
point method).

A subclass of CLP is the class of separated continuous linear programs
(SCLP). This has beenre-introduced by Anderson [1,2] in the context of job
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shop scheduling:

Py

max ¢ (t)u(t)dt
0

s.t. t Gu(s)ds! a(t), (2)
0

Hu(t) ! bt),
ut)" 0, t#I[o Tl

Somespecial casesof SCLP were solved by Anderson and Philp ott [4,5] and by
Hajek and Ogier [17]. The 1987 book of Anderson and Nash [3] summarizesthe
theory deweloped by Anderson, Nash and Philp ott, as well as earlier work on
SCLP and CLP up to that date, with many earlier references.

Major progressin the theory of SCLP was achieved by Pullan [26D316]. Pul-
lan consideredSCLP problemswith a(t), b(t) and c(t) piecewiseanalytic, where
the seard is for optimal u(t) in the spaceof bounded measurablefunctions. He
formulated a non-symmetric dual problem (in the spaceof measures):

- -

min, q a'(t)d! (t) + b (t)q(t)dt
0 0

st. $G )+ H'glt)" ct), (3)
qgit)" 0, !'(T)=10, !(t) non-decreasing, t# [0, T].

and proved strong duality. He also showed that the optimal solution u(t) is
piecewiseanalytic, with a bounded number of (possibly exponertially many)
breakpoints, and in particular for the special casethat a(t) ispiecewisdinear and
b(t) piecewiseconstart, the optimal solution u(t) is piecewiseconstart. Pullan
has also proposeda corvergert (though not Pnite) algorithm for the piecewise
linear case,basedon a sequenceof discretizations.

A similar algorithm is suggestedin Philpott and Craddock [25]. Luo and
Bertsimas [21] have usedquadratic programming techniquesin conjunction with
discretization, and implemented those for a more generalproblem, namely state
constrained SCLPOs.

For a more generaldiscussionof duality in SCLP, using corvex analysis, see
a recert paper of Shapiro [32]. For a succinct look at linear programming in
abstract functional spacesfrom a convexity point of view, seeBarvinok [8].

Yet in spite of bfty years of researd, no clear theory of cortinuous linear
programming has emerged,no satisfactory algorithm hasbeenfound, and many
guestionsremained unresolved, chief among them the relation of CLP to LP.

Trivially, discretization of time corverts CLP (1), aswell as SCLP (2) to an
approximating standard linear program (LP). The theoretical results of Pullan
were derived by using sud a discretization. Most of the methods suggestedfor
solving CLP and SCLP are basedon discretization of the time. Yet solving a
discrete LP approximation is not satisfactory for three reasons:(i) the resulting
LP problem is big, (i) The solution is only approximate, and in fact to obtain
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a good approximation it is necessaryto use a Pner discretization in sometime
intervals and a rougher discretization in others (seeFleischer and Skutella [14]
and Fleischer and Sethuraman [13]) (iii) perhapsmost important, the structure
of the problem is lost, becausethe discretization intro ducesmany spurious basic
variables.

Continuous linear programming is suitable for the formulation of cortrol
problemswith linear constraints and linear objective, and it seemsa very natu-
ral tool to model a wide range of optimization problemsin which time plays a
role. Clearly, dependenceof the solution ontime is often very important, and sen-
sitivit y to the determination of critical evernts is of major interest. Unfortunately
the lack of understanding of the structure of the solution, and the necessiy of
discretizing time in order to solve CLPOshas limited their usefulness.Sincedis-
cretetime hadto be usedin the solution, it seemedbetter to formulate problems
directly in discrete time and foregothe advantagesof contin uous modeling.

In the current paper we avoid discretization of the time. Our contribution is
twofold: We presenta clear and simple description of the solution of SCLP as a
function of continuous time, and we intr oduce an algorithm which solvesSCLP
exactly in a Pnite boundad number of steps. We do this by a genealization of
the simplex methad of LP to inPnite dimensional function space.

We focus on the following problem:

!
max T(("! + (T $ t)c)u(t) + d'x(t)) dt
1%,

SCLP s.t. Gu(s)ds+ Fx(t) ! # + at, 4)
0

Hu(t) | b,
x(t),u(t) " 0, t#I[0,T].

HereG, H, F are bxedK %J, | %J, K %L matrices, and the remaining problem
data consistsof the K -vectors #, a, | -vector b, J-vectors", ¢ and L vector d.
All vectors are thought of as columns, and ' denotesthe transpose.

The unknown variablesareu; (t), j = 1,...,J,andxk(t), k= K+1,... , K+
L, as functions of time 0! t! T. We name xk(t) the (primal) state variables,
and we name u; (t) the (primal) controls. We let the additional primal states
Xk (t),k = 1,...,K denotethe non-negative slacks of the prst setof K inequality
constraints, and we let the additional primal cortrols u; (t),j = J+1,...,J+1
denote the non-negative sladks of the secondset of | inequality constraints.

To avoid cumbersome notation we will use x(t) to denote either the full
vector (X1(t),..., Xk +L (t)) or one of the partial vectors, (X1(t),...,Xk (t)) or
(XK +1 -+ » Xk +L (1)), with a similar cornvention for u(t) and for the dual un-
knowns (still to be debned),wheneer the meaningis clear from the context.

In comparisonto AndersonO$ormulation (2) we generalizeby the addition
of F, but restrict attention to linear functions a(t), ¢(t) and constart b(t), d(t).
We note that with the addition of F, the state constrained SCLP of Luo and
Bertsimas [21] becomesa special caseof our formulation.
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For this problem we dewelop a theory and algorithm which are ertirely anal-
ogousto the theory of linear programming and the simplex algorithm. In par-
ticular we:

b Formulate a symmetric dual problem.

b Identify an extreme point (vertex) of SCLP with a Pnite sequenceof bases
of an assaiated LP.

P Give a detailed description of the optimal solution for eat base-sequence.

b Debnethe validity region of a base-sequencet be the corvex polyhedral
coneof boundary valuesfor which the base-sequencés optimal.

b Identify extreme edgesbetweenverticesasneighboring base-sequencewhich
have cortiguous validity regions.

b Derive a pivot like operation between neighboring base-sequencedp move
along an extreme edgefrom vertex to vertex.

b Find a sequenceof pivots along a parametric line of boundary valuesto solve
SCLP in a bnite number of steps.

The parametric sequenceof pivots is analogousto the parametric self-dual sim-
plex algorithm of LP (seeDantzig [11] or, more recertly, Vanderbei [33]). Each
SCLP pivot requires the solution of an LP which is often solved by a single
LP pivot. The choice of this pivot is reminiscert of the Criss Cross method of
Fukuda and Terlaky [15].

Crucial to our algorithm is an assumption of non-degeneracy(Assumption 2
in the sequel),without which our pivot operation cannot be debned.In practice
ewvery problem can be perturb ed to be non-degenerate.Our contribution hereis
to identify in very simple terms the condition for non-degeneacy.

While the original interest in CLP was for economicmodels[9,11,12,19,20],
our own motivation is the optimal cortrol of multi-class processingnetworks,
where we approximate a discrete stochastic system by a cortin uous determin-
istic Buid approximation [34,35]. In [22] we describe an asymptotically optimal
scheme for the cortrol of a queueingnetwork over a Pnite time horizon, based
on an optimal RRuid solution obtained from an SCLP problem of the form (4).

The rest of the paper is structured as follows: We start with a simple mo-
tivating example in Section 2, followed by a theoretical Section 3 in which we
formulate the symmetric dual problem, state our main results, and intro duce op-
timal base-sequence#n important result hereis the Structure Theorem 3 which
fully describesthe solution of SCLP (4). A simpliped version of the algorithm
is preserted in Section4 and veribPedin Section 5. The simplifying assumptions
are untenable, as we show in another motivating example in Section 6, where
we intro duce subproblems.A generalversion of the algorithm, which calls itself
recursively to solve subproblems,is preserted in Section7. In Section 8 we ver-
ify the algorithm and bound the number of steps. Someof the proofs from this
section are postponed to the Appendix. In Section 9 we expand the algorithm
and dispensewith the non-degeneracyassumption. This is usedto prove strong
duality by construction. We concludewith a brief Section 10 on implementation,
and presert a graphical display of the algorithm.
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2. A simple example

We wish to solve the SCLP (4) instance:
[
‘6
max  [(8% 2t)uy(t) $ xp(t)]dt
0

P

s.t. up(s)ds+ x,(t) ! 3+t
0

Ul(t) 2
ux" o0

We actually solve parametrically, for all 0< T < &, a family of problems:

by
max  [($4+ 2(T $ t))us(t) $ xo(t)] dt
0

|
ot

s.t. up(s)ds+ xp(t) ! 3+t
0

Ul(t) 1 2
ux" 0,

the original problem is retrieved when T = 6. We write down the symmetric

dual, which we name SCLP":

by

min  [(3+ T $ t)pa(t) + 20(t))] dt
1©

s.t. pi(s)ds+ qp(t) " $4+ 2t
0

p.(t) " 81
p,g" O.

In this symmetric dual the time runs badkwards, so that primal t corresponds
to dual T $ t. Here ps(T $ t) is the dual variable (or the simplex multiplier)
corresponding to éul(s)ds+ Xa(t) ! 3+ t, and (T $ t) is the dual variable
to Ul(t) I 2.

We add non-negative sladks to obtain the pair of dual problemswith equality
constraints. We now have 4 primal and 4 dual variables:

max ., T[($4+ 2(T $ t)ui(t) $ xo(t)] dt min ,, T[(3 + TS t)pe(t) + 20p(1))] dt
St ui(s)ds+ xi(t) + xo(t) = 3+t St o pus)ds$ qu(t) + qp(t) = $4+ 2t
ug(t) + uz(t) =2 p(t) $ p2(t) =$1
ux" 0. p,q" O.

For every time horizon T we will construct feasible solutions to the primal
and dual which are complemenary slad: x;(t)pi(T $t) = 0,(T $ t)u;i(t) =
0,0< t< T,i = 1,2, and henceare optimal with no duality gap. The solutions
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will partition the time horizon 0 = tp < t; < &a< ty = T, with u(t),p(T $ t)
piecewiseconstart, and x(t), g(T $ t) contin uous piecewiselinear, with piecewise
constart slopesXj

We brst solve the problem for inPnitesimally small T. Each of the primal and
dual problemsthen decomposesto two ordinary LP problems:

max $ xJ min 2}

st. x§+x9=3 st. $qf + ) = $4
x0" 0 q" o0

max $ 4u, min 3p;

st uptu,=2 St. pp$p=9%1
u" o0 p" 0.

We are only interested in the top two problems, for the calculation of x°, gV .
We call these the Boundary-LP and the Boundary-LP" problems. Their opti-
mal solutions determine the initial valuesx(0) and g(0), for all T. Solving the
Boundary-LP/LP * we get:

x1(0)=x§=3 %20 =0 () =0 =4 @0 -=0.

This initializes the solution. Throughout the paper we will refer to x°, gV as
primal and dual boundary values

We now take T > 0 and wish to solve for x(t),q(T $ t),0< t < T. Sincewe
believe that the solution is contin uous piecewiselinear (in fact, for small T we
beliewve it is linear) and sincewe already have x(0), q(0) all we needto calculate
are the slopesxj qj) which are piecewiseconstart (for small T they are constart).
Taking derivatives of the constraints of SCLP/SCLP ", we seethat these slopes
needto satisfy the constraints of the following pair of dual problems:

max 2u; $ Xp min p; +2 @
st U +Xp +xXp =1 s.t. p1 $aqp +ap =2
Up +Up =2 p1 $p2 =$1

which we name the Rates-LP/LP ". Throughout the paper we will refer to x, q
as primal and dual states, to u, Xj p,gias primal and dual rates and alsoto u, p
as primal and dual cortrols.

Since x1(0) > 0, 1(0) > 0, the slopes Xy, @i are unrestricted in sign. For
complemenary sladknesswe then require that p; = 0, u; = 0. Since x,(0) =
0, ®(0) = O werequirethat Xp " O, a " 0, and Pnally, u; " 0, p2 " 0. We
denote sign restrictions on variables by: P for non-negative, U for unrestricted,
and Z for restricted to be 0. The sign restrictions here are:

Xw U, upZ, Xp,uyP, WU, pZ, @&, pP
With thesesign restrictions the solution of the Rates-LP/LP " is:

u=2,X,=1 p2=1d =$2 remainingratesare = 0, objective = 0.
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This givesus the optimal solution for a whole range of valuesof T > 0.

In Fig 1 we plot the optimal solutions for valuesof T ranging from 0 to 6,
in incremerts of 1/ 2. In this Pgurewe show the non-zeroprimal and dual state
variables. We plot the state variables x pointing up with time running left to
right. We plot the dual state variables q pointing down, with time running in

the reversedirection, from right to left.
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The Pbrst 5 drawings in Fig 1 shov how the optimal solution ewlves for
0< T < 2, wherethe slopesare constart, X, = 1, @ = $ 2. Theseslopescannot
continue beyond T = 2, becauseat T = 2 the dual state variable (T $ t)
reachesa valueof Oat T$ t = 2, that isat t = 0. We say that a collision has
occurred at time to = 0, when T reached T = 2. For an optimal solution valid
beyond T > 2 we now needthe solution to consistof two intervals, wherein the
new interval we restrict the slope @i to be non-negative.

We perform our brst SCLP pivot, by solving the Rates-LP/LP " again, with
new sign restrictions:

Xp U, Xp, ug, uy P, p1Z, @, g, p2P.
The solution is:
up=2, x4 =9%$1, p.=1,ad =2 remainingratesare = 0, objective = 4.

For a range of valuesT > 2 the optimal solution now consistsof two intervals.
The new interval is inserted at the left end of the old interval, which is where
the collision occurred. The solution with thesetwo intervals is optimal for the
range of values2 < T < 5. It is plotted in the sixth to twelfth drawings in Fig
1. Note how x(0), q(0) are bxed, the brst interval terminates where ¢, is zero,
and for increasingtime horizon, asthe prst interval getslonger, the value of x;
at the breakpoint is decreasing.

The next collision occurs when T reachesthe value5 and it isat t; = 3.
The primal state variable x; hits the value of 0, and we needto restrict X to
be non-negative. We perform the second(and last) SCLP pivot, by solving the
Rates-LP/LP " with the new sign restrictions:

X,’Ila th! ull u2 P1 q,i’ (@! p11 p2 P

The solution is:
up=21u,=1, p1=2p,=3, slopesofall x,qare0, objective = 2.

The solution for T > 5 now consistsof three intervals. The new interval is in-
sertedbetweenthe previous 2 intervals, at the point wherethe collision occurred.
A solution with three intervals with the rates we have calculated will remain op-
timal for all 5< T < & . The brst breakpoint is the time when x; reacesO, at
t = 3. The secondbreakpoint is where ¢, moving in reversedtime, reacesO at
T $ t = 2. The middle interval will stretch with T. This completesthe solution
forall T.

The solution for all T can be summarized most succinctly by specifying the
basesof the Rates-LP/LP " which appear. In total, the following primal and dual
basesare involved:

Bl = {)a]_,U]_}, B;II_ = {a&!pZ}’ BZ = {ul|u2}1 B; = {pl’pZ},
BB = {X,'IJJUZ}! B3 = {q,‘l!pZ}
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The solutions for the various ranges of T are given by the following base-
sequences:

0<T<2: Bs
2<T<5:B1,Bs
5<T< & : B1,By, B3

Note that the successie basesin ead sequencediler by a single pivot: In the
secondsequence,B; ' Bjs: u; leaves, u, enters, and in the third sequence,
B:' By: Xy leaves,u, enters, and B, ' Bj3: u; leaves, Xy enters.

For all its simplicity, this example fully illustrates duality, the role of se-
guencesof basesas extreme points, the pivot operation, and the parametric
sequenceof pivots. In what follows we will encourter one more phenomenon
which this example does not illustrate: The pivot operation may require the
solution of a subproblem, which isin itself an SCLP (seeexamplein Section 6).

3. Theory
3.1. Duality

We formulate a symmetric dual to the SCLP problem (4):

!
min T((#! + (T $ t)a)p(t) + bg(t))dt
| 0

t
SCLP’ st.  G'p(s)ds+ H'g(t) " " + ct, (5)
0

F'p(t) " d,
p(t),qt)" O, t#][0,T]

where we look for dual cortrols pg(t), k = 1,...,K, and dual states ¢ (t), | =
J+1,...,J+1I,for0O! t! T.Weletqg(t),j =1,...,J,and pi,k = K +
1,...,K + L denotethe non-negative sladks in the inequalities.

Prop osition 1 (Weak Dualit y). The objective value for any feasible solution
of the maximization problemSCLP (4) is lessthan or equal to the objective value
of any feasible solution of the minimization problem SCLP" (5).

Proof. Assume a pair of feasible solutions to the primal and the dual problem
and comparetheir objective values:
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- -

Dual objective =  (#'+ (T $ t)a')p(t) dt + bg(t) dt
0 0
Py #1 T#t $ Py
u(s)'G'ds+ x(T $ t)'F' p(t) dt + u(T $ t)'H'qg(t) dt(6)
0 0 0

L, %W , & I
= u(T $ t)' G'p(s) ds+ H'g(t) dt+ X(T $ t)'F'p(t) dt
0 0 0

s o

" u(T $ t)'(" + ct) dt + x(T $ t)'d dt = Primal objective
0 0

where the brst inequality follows from the primal constraints and from p,q non-
negative, the equality follows by exchangein the order of integration, and the

secondinequality follows from the dual constraints and from u, X nonnegative.
!

Equality in the above will hold if and only if:
Complemen tary Slackness Condition
. -
X(T $ t)'p(t)dt = u(T $ t)'gt)dt=0 7)
0 0

Corollary 1. Consider a pair of feasible primal and dual solutions of SCLP,
SCLP" (4,5). The following are equivalent:

() The two solutions are complementary slackas in (7).
(i) The two solutions are optimal and havethe sameobjective value (no duality

gap).

The following strong duality, existenceand uniquenessresults will be proven
by construction as a result of our algorithm.

Theorem 1 (Strong Dualit y). Assume that the feasibility and boundedness
assumption 1 (to be formulated below) holds. Then the SCLP, SCLP" problems
(4,5) possesscomplementary slack optimal primal and dual solutions, with con-
tinuous piecewiselinear x, g, and piecewise constant u, p.

In anticipation of this form of the solution, we note that it would be com-
pletely determined by the following Pnite amount of information: (i) The parti-
tion of the time horizon 0 = tp < t; < &884< ty = T, (ii) the boundary values
x(0), g(0), (iii) the piecewiseconstart rates u, Xj p, ai(where Gdenotesderivative)
for ead interval of the partition.
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We formulate Boundary-LP and Boundary-LP" to determine x(0), q(0):

max d'x°
Boundary-LP s.t. Fx°1 #,
x2" 0,
(8)
min bg"
Boundary-LP” st H'gN " ",
qN " 0.

To determine the rates u, Xj p, giwe formulate the following Rates-LPOsThese
diler from interval to interval in the signrestrictions on the rates. The Rates-LP
and its dual, the Rates-LP", for setsK ( {1,... ,K+L}andJ ( {1,...,J+1}
are:

max [c' OJu + [0 d']x
st. [GOJu+ [l F]Xi= a,
Rates-LP(K,J) [H 1]u = b,
Xk isU for kK # K, X is P for k # K,
upisZforj#J, ujisPforj#J,
9)
min [a' OJp+ [0 b]di
st. [G' Op+ [$1 H'ldg= c,
Rates-LP" (K, J ) [F'$1]p = d,
GisUforj#J, dqisPforj#J,
pk is Z for K # K, pg is P for k }# K,

The following two assumptionswill be usedfor the majority of our results:

Assumption 1 (Feasibilit y and Boundedness) (i) The Boundary-LP/LP *
problems(8) havea solution x°, gV .

Denote Ko = {k: x> 0},In = {j : " > O}.

(i) The primal Rates-LP(*,J ) and the dual Rates-LP" (K, *) are both feasible.

Corollary 2 (Existence). Assumption 1 is sulcient for SCLP, SCLP" (4,5)
to have solutions for all time horizons 0 < T < & . The optimal values of
x(0), q(0) are the samefor all valuesof T, and are given by the solution x°, gV
of the Boundary-LP/LP " (8).

Part (i) of Assumption 1 and the feasibility of the Rates-LP/LP “ (Ko, Jn) iS
necessary and sulcient for the existene of solutions of (4,5) for T " 0 small
enough.

Part (i) of Assumption 1 and the feasibility of the Rates-LP/LP "(*,*) is
necessaryfor existene of solutions for all 0< T < &, but not sulcient.
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"
Assumption 2 (Non-degeneracy) The column & isin generl position to

( b
. GF10 . .
the matrix H OO (|t' IS

not a linear combination of any lessthan K + |

c G'H'$I 0
d F' 0 0 $I

Theorem 2 (Uniqueness). Assumption 2 implies that SCLP, SCLP" (4,5) are
non-degenegrte in the sensethat optimal u(t), x(t), p(t),q(t) for 0< t < T are
uniquely determined, up to an arbitrary set of valuesof t with Lebesguemeasure
0.

( (

columns), and the column is in generl position to the matrix

3.2. base-squenes

GFIO
HOOI
We use B also to denote the set of the corresponding variables X, u; # B, or
the set of their indexes.The corresponding complemegtary dual basisB", isthe

G'H'$I 0
F' 0 O $I
set of the corresponding variables i, pc # B, or the set of their indexes), such
that the indexesin B,B" partition k # {1,... ,K + L},j #{1,...,J + |}, i.e.
Xk #B + pc ¥ B, g # B + u; ¥ B. It iswell known from LP theory that
the complemenary dual set of columns is indeed independert (see Vanderbei
[33] 2nd edition, @ 6.6).

We considernow a sequenceof basesB1,...,By . Their corresponding com-
plemertary dual basesare B,,...,By . Let u",xI",p",qf denote the values of
the basic primal and dual solutions of (9) corresponding to the basisB, and its
complemenary dual B,,.

We say that the basis B, is admissibleif u, pp,j = 1,...,J+ 1,k =
1,...,K + L are non-negative.

We s&y that B,,B,+1 are adjacent basesif B,\ B+ consists of a single
variable v, (and B,+1 \ B, consistsof a single variable wy). In that casewe can
gofrom B, to B+ in asingleLP simplex pivot B, Bp+1 in which v, leaves
the basisand w, enters.

Let x°, gV be the solutions of the Boundary-LP/LP , problems, for the given
#,". Wesay that the basesB, By are consistentwith the boundary valuesx®, gM
if x2> 0+ Xk # By andq'\l > 0+ u; ¥ Bn. Equivalently: By - Ko, By - JIn.

A basisB of the problem is a setof K + | independert columns of

set of J + L independert columns of (which also denotesthe

Considernow a sequenceof adjacert bases,B;,...,Byn, Wherevy,... ,vn#1
leave the basis as we move from basisto basis, from B, to By . We write the
following equationsfor unknown interval lengths $,, n=1,... ,N:

$ + &4+ & =T, (10)

andforn=1,... ,N $ 1:
XE+)) 2, X"$n =0, whenv, = Xk,

n
m
G+ N @8 =0, whenvy = uj. )
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We alsowrite a set of inequalities:

x8+) n X' " 0O, for X{ < 0, andeitherx’{f“1 > 0orn= N,

N, )R " +1 . _ (12)
g+ pens @80 " 0, for ™ < 0, and either ¢f > Oor n= 0,
The equations and inequalities (10DB12)can be put together as:
1...10""° $( T
Breakpoint-Equations +A 0- , =%tg-. (13)
B $I 7

The coe"cients of A,B are the appropriate values of the X[, ', and the co-
e"cients of g, h are the appropriate values of $x(k’,$q'\‘ . The componerts of %
are unknown slads, giving the values of strict local minima of x and q at the
breakpoints.

Theorem 3 (Structure Theorem). Considerthe SCLP, SCLP" problems(4,5),
and assumethe non-degenercy assumption2. Let x°, gV be the solution of (8).
Let B1,...,Bn be a sequene of bases,which satisfy:

() The basesB4,...,By are admissibleand adjacent.
(i) B1,Byn are consistent with the boundary valuesx®, gV .
(i) The solution of the Breakpoint-Equations (13) is $ > 0, %> 0.

Letto=0,t, = thg1+ &, n=1,... ,N. Letu(t)=u", X(t) = X", p(T$ t)
P, (TSt =, thgr <t <ty,,n=1...,N.Let x" = x"1+xP$,, n
1,...,N,g"¥t=qg"+q$,n=N,..., 1 Let x(t), q(T$ t), for thz1! t! tg,
be linear interpolations between x"#1, g"#** and x", 9", n=1,...,N.

Then u, X, p,q is an optimal solution for (4) and (5).

Conversely, for almost all T,#,", if assumptions1, 2 hold, problems(4,5)
possessan optimal solution given by such a sequene of bases.

Proof. We postpone the proof of the conversepart of the theoremto Section 9,
whereit follows by construction from the algorithm.

We prove the direct part. By (iii) $> 0and by (10) they add up to T. Hence
O=tp<ty<...<ty = Tisapartition of [0, T], u, X p,diare well debPned(at
all but the breakpoints) piecewiseconstart and x, g are well debPnedcortin uous
piecewiselinear.

By Corollary 1, we needto show that u, x, p,q, with the inclusion of the
slaks, satisfy the constraints of (4,5) as equalities, they are non-negative, and
they are complemenary sladk asin (7).

The constraints [H 1]u = b,[F' $1]p = d hold for all u",p". The integrated
primal and dual constraints hold at t = 0 by (8), and hold for all 0< t < T by
integrating both sidesof the constraints which involve Xj @iin (9) from O tot.

SinceB4,...,By areadmissible,u,p” 0. Next we show that x,q" 0. Since
they are continuous piecewiselinear it is enoughto ched that this holds at the
breakpoints. Indeed, it is enoughto ched that it holds at local minima. By
8), xk(0) = x¢ " Oand g(0) = g° " 0. The left hand side of (12) equals
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Xk(tn), g (T $ t,), and so %> 0 implies that all strict local minima are > 0. We
shall preserly show that a form of strict complemenary sladkness(14) holds.
It follows that at all the local minima of x, g which are not strict minima, the
value of the state variable is 0.

Finally we show complemenary sladknessat all but the breakpoints. This is
where we needto usethe non-degeneracyassumption 2, as a result of which the
following strict complemenary sladknessholds, for all t exceptthe breakpoints:

() >0 . XW¥0 . p(T$ =0, k

G(T$H>0. G(T$S¥0. uwt)=0  j (14)

1,... K+1L,
vee sy d

To prove (14) we show prst that for all t except the breakpoints, xy(t) ¥ 0 +
Xk(t) ¥ 0. Assumethat xx(t) ¥ O, wheret, < t < th.1. If Xk(ty) = O, then
Xk (t) ¥ 0 implies by the continuous linearity of x, that the slope Xk (t) ¥ 0. If
Xk (tn) ¥ O we proceedby induction on n. For n = 0, x«(0) ¥ 0 implies x > 0
(see(8)), therefore by (i) Xk # B, and hence, by non-degeneracyXx(t) ¥ O.
For n > 1, if Xx(ty) ¥ 0 then by continuity xx(s) ¥ O for somet,z1 < s < t,,
which by the induction hypothesisimplies Xk (s) ¥ 0, hencexXyx # B,. Assume
that Xk ¥ Bn+1, then Xj leaves the basisin the pivot B, ' Bp+1. But the
corresponding equation (11) for n says in that casethat xx(t,) = 0, which isa
contradiction. Hence,if Xk (tn) ¥ O then Xy # Bn+1, and so X, (t) ¥ 0 by non-
degeneracy The proof for q is the same.Note that this proves alsothat x,q= 0
at local minima which are not strict minima, which is what we required to show
earlier in the proof.

The rest of the proof of (14) is immediate: Assumption 2 implies Xk (t) ¥ O.
P(TSt)=0andq(T$t) ¥ 0. wu;(t) = Ofor all but the breakpoints. Finally,
sincewe have already showvn that xi(t) * O, it follows that if Xi(t) ¥ Oandt is
betweenbreakpoints then we must have xi(t) > 0. Similarly for g. !

We shall refer to a sequenceof basesBy, ..., By which satisbPesthe assump-
tions of Theorem 3 as an optimal base-sgquen®, and to the constructed u, x, p,q
asits solution.

Someimportant properties of the solutions, which are also usedby the algo-
rithm, follow almost immediately from Theorem 3. In the following Corollaries
3b6we assumethat Bq,...,By is an optimal base-sequencéso it satispesall
the assumptionsof Theorem 3) and we assumethe non-degeneracyassumption
2.

Corollary 3. Let Kn ={k:xg>0,n=0,...,N$landJ,={j:q >
O},n=1,...,N. Then u",xXI",p", q" are the optimal primal and dual comple-
mentary slack solutions of the Rates-LP/LP " (Knx1,Jn) (9).

Proof. By their construction u", X", p", q are the B,,B, primal dual comple-
mentary sladk solutions. By (14) they also satisfy the sign restrictions embodied
in Kng1,Jdn. With thesesign restrictions B, B'r', are complemenary slack feasi-
ble primal and dual bases,henceoptimal. !
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Corollary 4. The value of the objective function of the Rates-LP(Kn41,Jn),
V, = cu" + d'XI" is strictly decreasingin n.

Proof. Considerthe basesB,, B,+1, which by Corollary 3 are optimal for Rates-
LP(Knh#1,Jn) and Rates-LP(K,, Jn+1 ) respectively. If Xk (thg 1) = Oand xk(tn) >
Olet Kiyq = Kng1/ k, elselet Ki,; = Kng1. Similarly, if g (T $ the1) = 0
and g(T$ty) >O0letIp,y = Jnaa / j,elselet I,y = Jnsa. It isimme-
diately seenthat B, is still optimal for Rates-LP(K} 4 1,Jn), and that B, is
still optimal for Rates-LP(Kp,J},;). But K}, - Ky, andJ_},; - Jn. Hence
Rates-LP(K,, J, ., ) isat leastasrestrictiv e as Rates-LP(K |, ;, Jn). By the non-
degeneracyassumption 2 both basesare unique optimal solutions. They are also
dilerent. Hence,V, > V41 . !

Corollary 5. The solution is unique, up to a setof t of measure 0.

Proof. SinceB1,...,By isanoptimal base-sequencats solution u, X, p,q (with
cortinuous piecewiselinear x, q debnedfor all 0 < t < T, and with piecewise
constart u, p debPnedfor all 0 < t < T exceptthe breakpoints) is optimal with
no duality gap. Given the solution p, q to the dual problem SCLP", by Corollary
1 any optimal primal solution &, ¥ has to satisfy the complemenary sladkness
condition (7) with p,q.

Considerthen valuesoft in the interval t,4 1 < t < t,. If any of u; (t), X (t) =
0, then by the non-degeneracyassumption the corresponding ¢ (T $ t), p(T $
t) ¥ 0, and hence,by the complemenary sladknesscondition (7), for all t in the
interval except for a set of t of measureO0, the corresponding &; (t), %« (t) = O.
Call the points t which are not exceptional, regular points. Note brst that for all
t in the interval, ttn| L (s)ds = 0 whenewer u; ¥ B,. Also, for regular t, only
j, k for which u;, Xk # B, can have t; (t), %« (t) ¥ 0, soonly K + | of the &, %y
are non-zero.But under sudc restrictions, the equations:

!t !tn!l

G u(s)ds+ [FIx(t)=#+ at$ G u(s)ds,
thi 1 0

Py

H1]  u(s)ds = BtS$ tog 1),

thi 1

have a unique solution, so for all regular t:

Py oy

g(s)ds = u(s)ds, x(t) = x(t).

thy 1 thra

In fact, by absolute cortin uity,

| |
ot ot

g(s)ds = u(s)ds (15)
thr 1 thr 1
holds for all t, and therefore &(t) = u(t) for almost all t. This proves that u, x
are unique for almost all t.
The uniquenessof p, q for almost all t is analogous. !
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Note that we can choose arbitrary values for u,p on an arbitrary set of t of
measure 0, without alecting (15). Also, on an arbitrary set of measureQ of
t # (th#1,tn] we can replace the non-zero values of x(t) given by the basic
columns of B, by any solution x(t) of:

by

[ Flx()=#+at$ G u(s)ds, x(t)" 0
0

Hencethe solution is indeed only determined for almost all t. Of course,u, X, p,q
is the unigque solution with contin uous piecewiselinear x, q and piecewisecon-
stant u, p.

' (
Corollary 6. The matrix 1'A'l is invertible.
Proof. Assumeto the contrary that it is not. Sincethe equations
1...1( ¢ = T(
A 9

have a solution $ > 0, this solution is not unique. Let $; be a di'lerent solution.
Then $ = (1$ #)$+ #%$, is also a solution, and for # small enough this new
solution is > 0. Furthermore, the valuesof the sladks % corresponding to $' will
also be > 0 if # is small enough. Given the new values $', we can get a new
set of breakpoints, 0 = ty < ... < ty = T, and a solution u',x', p',d of (4,5).
But this solution dilers from the original solution u, X, p, g on someintervals (in
particular on the parts of the intervals (tn#1,t,) and (t;,44,t;,) which do not
overlap), which contradicts the uniquenessCorollary 5. !

The following result embodies the dynamic programming principle:

Corollary 7. Let t',t" besuchthat 0! t' < t* ! T. Debne:T = t"$ t',
¥0 = x(t'), ¥ = qT$t"), #=1] Fx° % = [$] H'Ig". Debne &(t) =
u(t'+ 1), %(t) = x(t'+t) andp(t) = p(T$ t"+1), g(t) = (TS t"+1),0< t < T.
Let n',n" be suchthat t,sq ! t' < ty, th=g1 < t*' ! to~. Then &, %, p, g is the
optimal solution for SCLP, SCLP" (4,5) with time horizon T and boundary
parameters#, *. The optimal base-sguene for this solution is By, ... ,Bp-.

Proof. Assume brst that t',t" do not coincide with any of the breakpoints
to,...,tn. We chedk brst that x°, ¢V solve the Boundary-LP, LP" (8). By con-
struction x°, g are feasible.By (14), the corresponding values of u, p are com-
plemertary slack feasible solutions to the duals of the two Boundary-LP, LP
problems, hencex?, ¢\ are indeed optimal. Next it is straightforward to ched
that the new solution satisbesall the conditions of Theorem 3 for the new values

of T #,*. Finally, the Theorem holds for t',t" at the breakpoints by cortin uity.
!

Our Pnal corollary is not usedin the sequel
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Corollary 8. An optimal base-sguene correspnds to an extreme point of the
feasible region

Proof. Our problem optimizes a linear functional over a cornvex set, therefore if
an optimum exists there is an optimum at an extreme point. Since an optimal
base-sequenceunder the assumptions of Theorem 3, is unique, it must be an
extreme point.

Note: Theorem 3 and Corollaries 3, 4, 5, 7, 8, continue to hold also if we
have $,%" 0 in condition (iii) of Theorem 3.

3.3. Validity Regions

The data of our SCLP, SCLP" problems (4,5) can be classibedas follows:

(i) G,H,F debnethe model, and are the system parameters which we shall
keep bxedthroughout.

(i) a,b,c,d comprisethe objective and right hand side of the Rates-LP/LP "
(9), and we refer to them asthe exgenousrates Perturbation of these will
resolve degeneraciesand avoid multiple collisions.

(i) #," comprisethe objective and right hand side of the Boundary-LP/LP "
(8), and we refer to them asthe boundary parameters

(iv) T is the time horizon.

We will considerthe SCLP/SCLP" problem with bxedG, H,F, a,b,c,d, for
varying valuesof #,",T. The next proposition shows that we can replace#,"
by x%,qV .

Prop osition 2. Assumethe non-degeneilacy assumption 2. Then the boundary
parameters #," uniquely determine the boundary values x°, gV . Conversely, if
x% gV are a set of non-negative boundary valuesand B, By are admissibleand
consistent with them, then they uniquely determine boundary parameters #,",
sothat x°, g solve(8).

Proof. Assumewe are given #,". Consider the Boundary-LP problem (8) and
its dual:

max d'x°
sit. Fx°!1 #, x%" o,
(16)
min #'p
st. F'p" d, p" O.
By assumption 2, d is in general position to [F' $1], hencethe dual to the

Boundary-LP is non-degenerateand hencethe solution of the Boundary-LP, x°
is unique. Similarly, gV is unique.



18 Gideon Weiss

Conversely assumewe are given x° and gV. Then # = [I F]x° and " =
[$1 H'IgN are uniquely determined. Furthermore, if B; is admissible and con-
sistert with x°, then the dual valuesp! of the dual basic solution B; are" 0
and complemerary sladk with x°. Clearly x° and p! are feasiblefor (16). Hence
they are optimal. Thus# = [I F]x° is determined by x°, and x° is optimal for
the Boundary-LP with that #. Similarly, g is optimal for the Boundary-LP",
with " = [$1 H']N. !

Debnition 1. Let By,...,Bn be a sequene of admissible adjacent bases. Let
T ke the setof (T,x% V) for which all the conditions of Theorem 3 hold so that
Bi1,...,Bn is an optimal base-squen@. Then T is called the validity region of
Bi,...,Bn.

Theorem 4. The validity region T of a base-squen@ B1,...,By Iis a convex
polyhedral cone.

Proof. We assumethat B4,...,By is an optimal base-sequencéor at least one
(T,x% V), with $,%> 0.

By condition (i) of Theorem 3 all the basesin the sequenceare admissible
and adjacen.

The base-sequenc84, ... ,By (for the bxedvaluesof G,H, F, a, b,c,d) fully
determipes (irrespective of the values of T,x% gV) all the coe"cients of the

1...10°
matrix * A 0 -.
B $I
The base-sequencé®, .. '*’B’\,' also fully ’determinesa matrix E sud that
T T
the right hand sideof (13)istg- = E*+ x%-.
h q" .
1...10°
[ E is debPnedas follows: E hasasmany rowsas* A 0 -, and has
B $I

1+ 1+ J+ K + L columns. Each row of E consistsof 00snd a single + 1 entry
(we useg to denotethe ith unit vector). The brstrow ise;. Forthe next N $ 1
rows, if Xk (u;) leaves the basisin the pivot B, ' Bp+1 then the 1+ n row
is $erk ($errk+1L+j). For the last M rows, if the slak %, is a strict local
minimum of x¢ (g ) at sometime t, (T $ ty), thenthe 1+ N + m row is$ e+

($errkr+j) ] x |
11 1...1 0
By Corollary 6, ~ ', isinvertible, and hencesoist* A 0 -.
A B Sl
In order that B4,...,Byn should be an optimal base-sequencéor (T,x%, qV)
it remainsto verify conditions (i), (iii) of Theorem 3.
Condition (ii) holds if and only if
xp = Ofor all k such that X ¥ B,
q' = Oforall j suc that ¢ J# By (or uj # By). (17)
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Condition (iii) holdsif and only if

* *

'$( 1...1 0%t 17
% =t A 0- E*x->o0 (18)
0 B $I vl

Thesetwo setsof constraints (17), (18) determine the corvex polyhedral cone
T. !

An immediate consequencef the convexity is:

Corollary 9. If By,...,By is the optimal base-sguene for Ty, x§, g and for
T, x9,0) thenit is the optimal base-sguene for (1$ & (T, x?, g’ )+ &T2,x3, '),
for all 0< &< 1.

We shall also make use of the following:

Theorem 5. Let '(& = (T(&,x%(&,d" (&) = (T,x%q") + &(T,(x% (d") be
a straight line of boundary values. As & changes,within the validity region of a
single base-sguen®, each of the interval lengthsand slacks$,, %,, and each of
the xx (tn), G (T(& $ t,) are alne functions of &

Proof. We havethat ' (& isan a"ne function of & The valuesof $, %by equation
(18) are a"ne functions of ' (&, and henceof & Finally,

Xi(tn) = X3+ X G,
=1

m

N
G(T(®$ta) =" + " $n, (19)

m=n+1

where the coe"cients X', q" are Pxed for all &in the validity region. Since
x?, q' and &, areall a'ne functions of & so are x(tn), G (T(& $ tn). !

Debnition 2. Two base-sguen@s whosevalidity regions have boundaries with
an intersection that includes more than the origin are called neighloring base-
sguenes.

3.4. Collisions and Pivots

We now regard for given G,H, F, a,b,c,d the whole family of problems param-
eterizedby the boundary value vectors T, x°, gV . The positiveconeR* ' +I*K+L
cortains a convex polyhedral coneC of boundary value vectorsfor which SCLP/SCLP "
are feasible,and this is tiled by the cornvex polyhedral conesof the validity re-
gions of the various optimal base-sequences.

DePnition 3. Let u, X, p,q be an optimal solution. We say that xi hits O at time
O< t! Tif x(t*) > 0, and x(t) = 0. We saythat g hits 0 at time 0! t< T if
GUT$t)*)>0,andg(T$t)=0.
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Consider an optimal base-sequenc8,,...,By, with validity region T with
a non empty interior, where $,% > 0. This meansthat all N intervals have
positive lengths, and all M strict local minima of the statesare positive. At each
of the N $ 1 breakpoints tq,...,ty#1 there is a single state variable (primal or
dual) which hits zero. Conversely if an optimal solution consistsof N positive
intervals and it hasexactly N $ 1 variablesthat hit zero, then this solution (to
be exact, its boundary values) is in the interior of the validity region. This is
becauseall the intervals $, and all strict local minima %, are positive.

Let T,x% gV be a point on the boundary of T. If we take T,x% gV in the
interior of the corvex coneT, and let T,x%, N ' T,x9 gV, then someof the
$, %will shrink to O.

Debnition 4. Let By,...,Byn be an optimal base-sguen@ with validity region
T with a non empty interior. Let T,x% gV be a point on the boundary of T.
We say that at this boundary point a collision occurred at t, if the solution at
T,x%, gV has more than one variable that hits zer at t,.

The collision is singleif the number of variableshitting zero at di"er ent times
t is equal to the numbker of positive length intervals. Otherwise it is a multiple
collision. o

A single collision is simple if as T,x% gV ' T,x% ¢V from the interior of
T, either a strict local minimum shrinks to zero, or a single interval shrinks to
zem (not both, which would be a multiple collision). A single collision in which
more than one interval shrinks to zero is a compound single collision.

As we shall see,a single collision is on the joint boundary of validity regions
of exactly two neighboring base-sequencegr on the boundary of C. A multiple
collision may be on the boundary of more than two validity regions.

Consider now an optimal base-sequenc®4,...,By, with validity region T
with a non empty interior. The operation by which we construct an optimal
base-sequenceavhich is neighboring to By,... ,By, With_T,W, g\ on the joint
boundary is called an SCLP pivot. If the collision at T,x9, ¢V is singlethen the
pivot operation is unique. o

The pivot operation will be simplestwhenT, x9, gV is on the boundary of two
validity regions, T1, T», and when T,x°, gV approadhesT,x?,gN from within Ty
aswell asfrom within T,, both collisions are simple collisions. In the example of
Section 2 this was the case.In Sections4, 5 we formulate and verify a simpliPed
algorithm to solve SCLP, which works if all collisions are simple.

When the collisions are single but compound then it may be necessaryto
solve a subproblem to perform the pivot operation. We presert an example of
this in Section6 and in Sections7, 8 we presert and verify the algorithm for this
more generalcase.Multiple collisionscan be avoided by perturbation of a, b,c,d,
as we explain in Section 9.

3.5. Parametric segquene of steps

Our algorithm will solve SCLP/SCLP " by a sequenceof SCLP pivot stepsanal-
ogousto the parametric self dual simplex method for standard LP (which starts
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o! with an objective and right hand side vector for which an optimal basisis
known, and useshomotopy to move in a bnite number of LP pivots to the op-
timal solution for the desiredobjective and right hand side vectors, seeDantzig
[11] and Vanderbei [33] for details). We start from a boundary value vector
(Tstar tX3ar t» Bar ¢), Which is in the interior of the validity region of a known
optimal base-sequencélNe then move in a Pnite number of SCLP pivots, to the
optimal base-sequencéor the boundary value vector (Tgoal, Xgoa;» Ghoa )- We let
"(8), &tart ! &! &oa bethe straight line segmen in R !*J*K+L connecting
the start and the goal boundary vectors. We initialize the solution at &, ¢ and
let &increase.Weterminate at &oal. As &increaseshe line ' (& crossedrom one
validity region to another. In a single iteration we move from parameter value
& at which the line segmen enters a validity region, to a parameter value & at
which the line segmen leaves that validity region and enters the next neighbor-
ing validity region. The iteration then consistsof two parts: (i) we calculate &
and ' (&), and (ii) we perform an SCLP pivot to the optimal base-sequencéor

'(&). As we shall see,the total number of iterations is bounded by 22 """

The homotopy here is as follows: At ead step of the algorithm we have an
extreme point of the primal feasible region of SCLP and an extreme point of
the dual feasibleregion of SCLP", and those are complemenary slak. By the
non-degeneracythey are unique optimal solutions for all &in the interior of the
validity region. Changing & we deform the feasibleregionsof SCLP and SCLP",
by changing the length of the time horizon T and by changing the initial values
of x(0), q(0). The boundary of the validity region is reached as & 0 & when
a constraint (of the primal or the dual) which was not binding in the interior
becomestight on the boundary. At the sametime the solution (of the dual or
the primal) becomesdegenerate,and is no longer unique. A neighboring extreme
point givenby adilerent optimal base-sequences alsooptimal at this boundary
point. The SCLP pivot operation then takesusto the newoptimal base-sequence.
The homotopy continuesfor &> &with the new neighboring base-sequence.

All the pivots will be uniquely debnedif all the boundary points of validity
regionswhich the line segmen ' (& crossesare single collisions. We will assume
that this is the casethroughout Sections4b8,but will dispensewith it Pnally in
Section 9.

4. Algorithm - a simpliped version

In this sectionwe describe the algorithm to solve SCLP and SCLP" (4, 5), for alll
0< T < &, under the simplifying assumption that all the collisions are single
and simple.

¥ |Input
Problem data consistsof G,H,F,a,b,c,d,#,", Tgoal
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¥ Output
Solution for time horizon Tye,: Optimal base-sequencehreakpoint times, rates
u, Xi p, diin ead interval, states x(t), g(Tgoa $ t) at ead breakpoint.

¥ Initialization

SetN = 1.

Obtain x°, ¢V, from Boundary-LP/LP * (8).
SetKo={k:xp>0},JIy ={j : q" > 0}.

Solve Rates-LP/LP " (Ko, Jn) (9), to obtain the basisB,
SetT =0

Optimal base-sequences B;.

¥ lteration

Given current optimal base-sequenc®,,...,By which is optimal with unique
optimal solution possessing, %> 0, for boundary values(T,x°, gV) where T >
T is small enough, perform the following steps:

¥ Find right endpoint of validity range

Obtain u",xI",p",dq', n = 1,...,N, for the current optimal base-sequence.
Obtain the coe"cients of A, B, g, h for the Breakpoint-Equations (13).
Solve (13) with right hand side (T, g, h)' to obtain ($, %.

Solve (13) with right hand side (1, 0, 0)', to obtain (($, (9.

Find /) = max{0, £ £3n for all n, m}.

Right endpoint of validity rangeis T =T + ) .

¥ Termination test and conclusion

If T < Tgoar ! T terminate:

Bi1,...,Bn isthe optimal base-sequencayith ratesu”, Xi",p",dq', n=1,... ,N.
Solve Breakpoint-Equations (13), with right hand side (Tgoar, 9, h) to obtain $.
Obtain the breakpoints 0= to < &8a< tny = Tgoal

Calculate the valuesx(tn), d(Tgoal $ tn), n=0,...,N.

¥ Classify collision asT O T

Type-l: $, shrinks to 0, wheren = 1 orn = N, or wherel < n< N and
|Bn#1\Bn+1 | = 1.

Type-ll: $, shrinksto 0, wherel< n< N, and |[Bps1\Bp+1| = 2
Let B! = Bn#1, B” = Bp+1. Let V! = Bp# 1\Bn and V” = Bn\Bn+1.

Type-lll: %, which is a local minimum at time t, shrinks to zero, where 0 <
n<N.
Let B' = By, B" = Bpsr. Let v= By\Bpsr. If % = xk(ty) let v = v,
Vi = X, if %0 = g (T $ ty) let v = uj, v = v.

Type-llla: %, = ¢ (T) which isalocal minimum at time to = 0 shrinks to zero.
Let B" = By and let V' = u;.

Type-llly: %, = Xx(T) which is a local minimum at time ty = T shrinks to
zero.Let B' = By and let v = X).
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¥ Formulate and solve new Rates-LP/LP "

For Types 1, 11 and I, let K = {k : X # B'\v"}.
For Type-lll; let K = Ko,
For Types|Il, Il and Il let J = {j :u; ¥ B*/ v'},

For Type-lllyletJ = Jy,
Solve Rates-LP/LP " (K, J ) to obtain the new basisD.

¥ Update optimal base-sguene@

For Type-l remove the basisB,.

For Type-Il replacebasisB,, by basisD.

For Type-lll insert basis D before B; if n = 0 (Type-lll,), between bases
Bnh,Bn+1 If0< n< N, or after By if n = N (Type-Ill).

¥ SetT := T and go to the next iteration

5. Veribcation of the simpliped algorithm

In this section we verify the simplibed algorithm of Section 4, by proving:

Theorem 6. Assumethat Assumptions 1, 2 hold. Assumein addition the fol-
lowing two simplifying assumptions at each iteration: (a) The collision is of
Type-l, Type-Il with a single interval shrinking to zero, or Type-IILII 4,1l . (b)
the inserted basis D is adjacent to B',B" (to B" for Type-lll 5, to B' for Type-
Il ). Then the algorithm will compute the unique solution of SCLP/SCLP " in

a Pnite number of iterations, bounded by 22 7" "

The proof is broken down to seweral parts. In Section 5.1 we verify that the
algorithm asdescribed can be initialized, and that ead of the generaliterations
can be carried out with well dePnedunique results: Assuming we start from
an optimal solution for T > T, we verify calculation of the upper boundary T,
the classibcationof collisions, and the formulation and solution of the new rates
LP. In Section 5.2 we discussthe pivot operation and illustrate what it does.
In Section 5.3 we prove the main result N that the new sequenceconstructed
by the pivot, is optimal for T > T. Finally, we shov in Section 5.4 that the
algorithm terminates in a Pnite number of iterations.

5.1. Veribcation the iteration steps

The following propositions shaw that the initialization of the algorithm can be
carried out, and that all the stepsof ead iteration can be carried out.

Prop osition 3. The initialization step can be carried out and yields unique
values of x°, gV ,B;, and B is the optimal base-sguene for boundary values
(T,x% qV) whenT > 0is small enough.
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Proof. The Boundary-LP/LP " problems (8) have a solution x°,g" by Assump-
tion 1. The solution is unique by Proposition 2. The Rates-LP(Kp,JN) is less
restrictivethan Rates-LP(*,Jy ), henceit is feasibleby Assumption 1. Similarly,
Rates-LP' (Ko, Jn) is lessrestrictiv e than Rates-LP" (Kg, *), henceit is feasible
by Assumption 1. Therefore Rates-LP/LP " (Ko, Jn) have an optimal solution.
By Assumption 2 this solution is unique, and dePneghe unique basisB . Clearly
B is admissible and consistert with the boundary values. The equation for in-
terval lengthsis $ = T > 0. If Xi < O, then x? > 0 (by (14)), and for small
enoughT, x¢(T) = x2 + Txit > 0, similarly for g (T). Hencefor T > 0 small
enough,all %, > 0. Thus the solution is optimal by Theorem 3. !

Prop osition 4. The calculation of the right endmint T and the termination can
be carried out.

Proof. By assumptionat the start of the iteration the base-sequenc84,...,By
is optimal with unique optimal solution for boundary values (T(xo,q’\') when

T > T and T is small enough.By Corollary 6, the matrix is invertible,

A
and sothe valuesof $, ($ are well debnedand unique,and $+)( $> 0, %t )( %>
0 for ) > 0 small enough.By Theorem 3 By, ... ,By is optimal for all these
T+) . Ifany of (& ,(%n are< Othen) will be Pnite. Elsewe get) = &.

Clearly, if T < Tgoal < T then we can now obtain the optimal solution for Tyoa.
!

By the simplifying assumption (a), the collision at T is of one of the types
listed in the classibcationstep. For Typesll, I11, 115}, the corresponding v', v*,B', B",
are all well debned,and soare then K,J .

Prop osition 5. The Rates-LP/LP " (K,J ) hasa unique optimal solution.

Proof. We use an argumert similar to the proof of Corollary 4. Consider col-
lisions of Type-Il and of Type-IIl,I1l; with collision time t, < T. Then the
Rates-LP(K,J ) is lessrestrictive than the Rates-LP which is solved by B".
HenceRates-LP(K, J ) isfeasible.Similarly, for collisionsof Type-Il and of Type-
L1111, with collisiontime t, > 0, the Rates-LP" (K, J ) islessrestrictiv ethan the
dual Rates-LP" which is solved by B' and henceRates-LP" (K,J ) is feasible.

This leaves the caseof collisions of Type-lllg,lll,, which are at t = 0 or
t = T. In the former casethe Rates-LP' (K,J ) hasK = Ky, in the latter case
the Rates-LP(K,J ) hasJ = Jy, and theseare feasibleby Assumption 1.

Since Rates-LP/LP " (K,J ) are feasible, they possessan optimal solution,
which is unique by Assumption 2. !

5.2. Discussion of the simplibed pivot operation

The pivot operation replacesthe optimal base-sequenc®g,... ,By of T < T <
T by a new optimal base-sequencéor T > T. In Figures 2, 3 we illustrate the
pivot operation by showing the collision section of the solution and the variables
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ql

X! qn X!

Fig. 2. A simple collision of Type-II, with simple pivot

that hit zero, at three time horizons: before the collision, at the collision, and
after the collision.

Figure 2 illustrates the pivot for a Type-ll collision. For T < T, in the left
drawing, x' hits zero at t,x1 and g" hits zero at t,, i.e. xi leaves the basisin
B'' C, and u" leaves the basisin C ' B". At the collision, in the certer
drawing, the interval of basisC hasshrunk to zero,and B'\B" = {xi,u"}. After
the collision, in the right drawing, a new interval with basisD appearsbetween
B',B", and the xi,u" exchangeorder with B'\D = u" and D\B" = xi, so that
in the new solution, for T > T, ¢’ hits zero at t,z1 and x' hits zero at tp.
If we should animate the movemert of this section of the solution asT 0 we
would seehow the zeroesof x'(t) and g (t) approac, meet, and part in opposite
direction. The picture for {Vv',v'} = {xi,xt'} for {V',v"} = {u',u"} and for
{v',v"} = {u',xI'} is similar.

Fig. 3. Simple collisions, Types-I/II1, with simple pivot

Figure 3 illustrates the pivot for Type-l and Type-Ill. In the left drawing
x' hits zeroat thx1 and " hits zero at t,,, as before. However, in C' B" the
variable that erters the basisis again x', so that x'(t) = 0 for tyz1 < t < t,,
but x'(t) > 0 outside this interval. Hence,at the collision, in the certer drawing,
we have B'\B" = u", and x' has a strict local minimum of zero at the collision
time. The base-sequencen the other side of the collision, in the right drawing,
does not have the basis C, instead B' is followed by the adjacert B" directly.
While ¢' still hits zeroat t = t, = t 41, the state variable x' now does not
hit zero, instead it has a strict local minimum of x'(t) = %, > 0 at the time
t = thx1 = tn. This illustrates both Types| and I11: If we considerthe casewhen
the left drawing is for T < T, and the right drawing is for T > T then we have
Type-l. If we considerthe casewhen the right drawing is for T < T, and the
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left drawing is for T > T then we have Type-Ill. The picture for (T $t) = 0
in the interval thx 1 < t < t,, and (T $ t) > 0 outside the interval is similar.

5.3. Optimality of the new base-sguene@

Prop osition 6. The newbase-sguene is optimal for boundary values(T, x°, gV),
for small enoughT > T, and the solution has $, %> 0.

Proof. Clearly the new base-sequenceonsistsof admissible bases(i.e p",u" "
0). By the simplifying assumption (b), D is adjacert toB',B", so the new base-
sequencehas adjacert bases.For Type-Illlg4,lll,, when D is the brst or the last
basis in the new sequence,then by its construction it is consistert with the
boundary.

By the structure Theorem 3 all we needto still show is that the solution
to the new Breakpoint-Equations (13), formed from the new base-sequenceare
$, %> 0 for boundaries(T + ), x° gV), when) > 0issmall enough.

Consider how the Breakpoint-Equations (13) are changed by the pivot, by
comparing the equationsfor the old and the new base-sequencdn fact all that

1...1 0"
happensis that one column d, of coe'cien ts in the matrix + A 0 - isre-
B $I

placed by another column d; with possiblerenaming of the unknown belonging
to that column.

For Type-I collision, the unknown &, is replacedby a new %, and the column
d of the coe"cien ts of $, is replacedby & which is a negative unit vector.

For Type-Il collision, the column d of coe"cients of $,, which is composed
of valuesof various X', @ of the basisB,,, is replacedby column d composedof
values of various Xj gifrom the new basisD.

For Type-lll,I11,p collision, the negative unit vector d which is the column
of coe"cien ts of %, is replacedby a column d of coe"cien ts of the new unknown
interval length %,, composedof values of various Xj dgifrom the new basisD.

The right hand sides(T, g, h) and (1,0, 0) remain unchanged.

We rewrite the old and new equations, after somerearrangemen of rows and
columns,in the form:

$’ T 1’ /I 0% T 1’
[Dd*%w =*g-+) *t0- Dd*% =+g-+) *0-
* h 0 & h 0

where d, d are the original and replacing columns, *, * are the old colliding un-
known and the new unknown replacing it, and $,%D contains the remaining
unknowns and coe"cien ts.

For ) = 0 both setsof equations have the samesolution in which * = &= 0,
while all the other unknowns are > 0. Denote this solution by $2,9%. From
the valuesof $2 we can construct the unique solution of SCLP/SCLP " for time
horizon T.
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By corollary 6 the old matrix of coe"cien ts is invertible. We brst show that
the new matrix of coe"cients is also invertible. Assumeto the cortrary that it
is not, in which casewe can obtain a non zero solution to

*

/I 0 $
Dd+% =0
*

which we denote by $°, 90, where * ¥ 0. But then for small enough) of
appropriate sign we will have that: ($2,98,0)+ ) ($°, %, *") > 0 also solvesthe
Breakpoint-Equations (13) at T, and provides a new and/dilergnt solution. This

contradicts the uniqueness,and therefore we must have D d invertible.

Consider now the unique solution of the new equations, $, %%, for ) > 0.
We claim that the solution must have *> 0. Assumeto the contrary that it is
I 0. Then we could solve the equationsfor ) < 0and obtain $> 0,%> 0,%" 0
for a range of time horizons T $ ) < T < T. But this would debneoptimal
solutions for SCLP/SCLP " which aredilerent from the old solution, which again
contradicts the uniqueness.

Hencefor ) > 0 small enoughwe will have $ > 0,%> 0,%*> 0, and a new
base-sequenchich is optimal for T > T small enough. !

5.4. Bounding the number of iterations

We have showvn that we can carry out the iterations, and that ead iteration
producesa new optimal base-sequenc&hich is optimal for an additional range
of time horizons. To complete the proof of Theorem 6 we needto show that the
processmust terminate.

2|+J+K+L

Prop osition 7. The total number of iterations is bounded by 2

Proof. At ead iteration we have an optimal basessequencevalid for T < T < T.
By corollary 9 the same base-sequence&annot be valid for any other disjoint
range. In other words, none of the optimal base-sequencegroduced by the iter-
ations is ever repeated. We now court how many sud base-sequencesay exist.
The number of basesfor the Rates LP is Pnite, it is determined by choosing
K + | basiccolumnsouyt of K + b+ J + L columns of the coe"cien ts matrix.
Thus it is bounded by '3 X """ which is bounded by 2'*3*X*L_ By corol-
lary 4 the basesin ead base-sequencare ordered by their strictly decreasing
objective values.Henceif we arrange all the (feasible) basesin decreasingorder,
ead base-sequencavill be a subsetof them ordered in the sameway. But the
number of all subsetsis 2"umber of bases ' Hancethe total number of possibleopti-

mal base-sequences boundedby 22 "”" """ | and sois the number of iterations.
!
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6. Comp ound collisions and subproblems

The simplibed algorithm assumesi(a) that all collisions are simple (b) that the
solution to the Rates-LP is a basis D which is adjacert to both B' and B".
These assumptionsfail to hold in many problems, and when that happensthe
simpliPed algorithm will not work even if the problem is perturbed. In this
section we presernt an examplein which the assumptionsfail (Section 6.1). We
then considerthe solution of the sameproblem along a dilerent parametric line
(Section 6.2). This motivatesour formulation of a subproblem, which enablesus
to perform a pivot when (a), (b) are violated (Section 6.3).

We considerthe problem:

Dy 34

*

5 wi(t) 6
max "+ (T$ 185, (TS 1)140, (TS )56 +us(t)- + 6.3xs(t) dt  (20)

0 * * ;l;l:3(t) *

" 0 86 37 « , x1(t) 23’ #,+ 5.8t
t£32 0 08§, wl) Ix()8 . 4 318 _ 4 47 8
0+023500- 27 FThm T rge - T4 1ga-

st 0 0 4 X4(t) 0.29 0.9t
4 5 u(t)’
28515320 +uy(t)- + Ua(t) = 54

ug(t)
X, u" 0.

The corresponding dual problem has dual state variables q;, &, 0z, 4, and
dual cortrols p1, p2, P3, P4, Ps.

There are three parameters which we will vary: T, #;, "1. Examination of
the Boundary-LP/LP " (8) shaws that x9 = x;(0) = #1, f = qu(0) = $"4,
with the remaining X; (0) and g (0) equalto 0. We will usethe boundary values
T,x9,q) asparametersfor the problem.

6.1. Compound collisions and non-adjacent D.

We consider the problem (20) for the boundary values x? = #; = 3, o =
$", = 4.5, and for varying values of T. The solutions for time horizons T =
1, 1.5, 2 are displayed in Figure 4, where we plot the primal and dual states,
Xi(1),g(TS$t),i,j =1,...,4; xs5(t) hasa positive slope in all intervals, it never
hits zero, and is not plotted.

The optimal solution for T = 1 (top drawing in Figure 4) consistsof 5 inter-
vals, with the optimal base-sequenc®',C,Cy,C,,B". Table 1 lists the slopes
of the primal and dual state variables for ead of these bases.The breakpoints
occur at the times 0 < 0.33 < 0.71 < 0.75< 0.80 < 1. The basesare adja-
cert with pivots:u; ' Xp, up ' Ug, Xp ' Xu, Xb ' Uz (Qu, g, X1, X2 hit zeroat
ty,to, t3, t4 respectively). The samebase-sequences optimal for all time horizons
in the range 0.82< T < 1.5.

1 for better readability we slightly round off some of the numbers, e.g the actual values here
are 3.09, 4.47.
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Fig. 4. Optimal solution of the example for three time horizons.

At the time horizon T = 1.5 there is a collision. The solution at T = 1.5
(middle drawing in Figure 4) consistsof only two intervals, with optimal base-
sequenceB', B" and breakpoints 0 < 0.75< 1.5. B'\B" = (ug,X) so this is a
single collision, in which x1(t), qu(T $ t) both hit zeroat t;.

The solution for T = 2 again consists of 5 intervals, with optimal base-
sequenceB',D.,D,D,, B" (seeTable 1), with breakpoints at 0< 0.71< 1.12<
1.25< 1.37 < 2. The pivots along the sequenceare uz ' Xu, Xp ' Xg, Uz '
ug, Xg ' Uz (s, X1, 0, X3 hit zeroat tq,t,,t3, t4 respectively). The samebase-
sequencds optimal for all time horizonsin the range1.5< T < 4.62.

Clearly, assumptions(a) and (b) are violated here: (a) The collisionasT 0
1.5 while still a single collision, is not simple, rather it is compound with 3
intervals shrinking to 0 simultaneously. (b) When the LP formulated from B',B"
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Table 1. Slopes of the primal and dual states, for various intervals

T1 T2 3 T4 5 g1 g2 43 q4a
B’ -4.13 0 0 0 1.43 0 0 0 0.16
C -4.33 4.32 0 0 1.38 -6.58 0 0 0.07
C1 -1.72 | -18.6 0 0 2.12 -8.50 | -78.8 0 0
Co 0 -18.6 0 0.19 | 2.12 -8.50 67.2 0 0
B" 0 0 0 0.41 | 1.52 -5.96 0 0 0
D1 -0.36 0 0 0.73 | 0.59 0 0 -6.87 | 0.15
D 0 0 11.1 0.75 | 0.53 0 0 17.9 0.14
Dy 0 0 -11.6 | 0.46 | 1.52 -5.86 0 4.23 0

and V' = uq, V" = Xy is solved the optimal solution basisD is not adjacert to
B !1 B Il )

The situation around the collision at T = 1.5 is symmetric: On ead side
3 intervals shrink to zero, and if we solve the LP debnedby B',B" and by
v! = X, v" = u; we obtain the optimal basisC, which is adjacert to B' but not
to B".

As we obsene in Figure 4, in all three solutions, in the brst interval B'
is optimal with x; starting at the value x§ = 3 and decreasingat the rate?

IXB | = 4, and at this rate it would reach zero after $' = &

1
last interval B" is optimal with ¢ starting (in reversed tlme) from the value
) = 4.5 and decreasmgat rated |gf | = 6, and at this rate it would reach zero

after $* _Iq? = 0.75.

When T = 1.5 we have $ + $' = T and both x;(t) and g (T $ t) hit
zero simultaneously at the breakpoint t; = 0.75. When T < 1.5 there is some
overlap, and both x4(t), (T $ t) > 0in the interval of C. When T > 1.5 both
X1(t) = (T $ t) = 0in the interval of D. However instead of just the C,D
intervals, on both sides of the collision there are 3 intervals between B',B",
with X, starting and returning to zeroon the T < 1.5 side, and with x3,
starting and returning to zeroonthe T > 1.5side.As T "' 1.5 from either side
the triangles formed by these variables retain their shapes and shrink in size,
and disappear all together at T = 1.5.

If we perturb the problem this will changethe slopesof the state variablesand
the times of the breakpoints, but we would still have a range of time horizons
in which the base-sequencd', C,C.,C,,B" is optimal, and a range of time
horizons in which the base-sequenc®',D;,D,D,,B" is optimal. The triangles
formed by x», ip, X3, @z Will have slightly dilerent slopes,but they would still be
there, and would still shrink to zeroall together at the collision. Hence, (a) and
(b) will remain violated for the perturbed problem.

2 rounded from actual value of x? =1 4.13.

3 rounded from actual value of qlB =1 5.96.
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6.2. Solution along a di"er ent parametric line

We now solve the sameproblem for the Pxedtime horizon of T = 1, and we let
the valuesof x?,g) vary, along the parametric line x9(& = 2& ' (& = 3& In
fact we have already solved this problem for &= 1.5, 1.0, 0.75. The solutions are
given respectively by the top, middle, and bottom drawing of Figure 4, in the
time intervals betweenthe vertical dashedlines (comparethis with Corollary 7).
Changing & along this line, we obtain the following optimal solutions:

Rangeof & Optimal base-sequence
&=0 D

0< &< 0.1212 D.,D,D>

0.1212< &< 0.325 B',D1,D,D;

0.325< &< 1.0 B'D;,D,D,,B"

&= 1.0 B',B"

10< &< 1.83 B!,C,Cl,Cz,B”

1.830< &< 2.095 B',C,C1,Co

2.095< &< 2210 B',C

2.210< &< & C

In Figure 5 we look at the intersection of the validity coneswith the plane
formed by the parametric lines (T > 0,&= 1.5) (of the previous Section 6.1)
and (T = 1,&> 0). The points a,b,c,d, e correspond to the solutions in Figure
4. The diagonal line through b,d is the boundary betweenthe validity regions
of B',C,C{,C,,B" and B',D1,D,D»,B", and along this line the optimal base-
sequencds B',B". The line &= 0 is the validity region of the base-sequenc®.

$ /B c
BIZC,C,

BICC,C,B!

o’

BID; DD, B!

!

BID;DD,

L DD,

B 1

T"1 T

Fig. 5. Validity cones of the various optimal base-sequences
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Two features are important here: First, we seethat along the line of T =
1, &> 0 we can move from optimal base-sequenc® to B',B", as0< &< 1, and
we passthrough B',D{,D,D,,B" along the way (similarly, as & changesfrom
& down to 1 we move from C to B',B", with B',C, Cy,C,,B" along the way).
Second,on the diagonal line through b,d, which is the validity region of B', B"
we have $' + $" = T, while above this line $' + $" > T and below it $'+ $" < T.
This corresponds roughly to ¢ hitting zero before x; above the line, and to x;
hitting zero before qu below the line. This corresponds roughly to the zerces of
g1 and x; moving past ead other in the pivot. Thesefeaturesare usedin solving
the subproblem.

In Figure 6 we plot the validity regionsof all the relevant basesasthey appear
in the intersection of the plane (T = 1,xj " 0,q " 0). We will return to this
in Section 8.1, where we also debnethe dashedlines' ¢ (&), p (&).

o

CCC,B!

BIC

BID,;DD,

BID;D

Fig. 6. Validity regions of the various optimal base-sequences on the T' =1 xg, q’l\l plane

6.3. Formulation and solution of a subpioblem

Consideragainx? = 3,q) = 4.5 and the collisionasT 0 1.5. What do we need
to add to the simplibed algorithm to perform the pivot here?

First, we have 3intervalsthat shrink to zero,soall thesebaseswill beremoved
from the base-sequenceNext we needto debnewhich of uq, Xk is v' and which
isv". The debnitionv' = B'\C, v!' = B"\ C canno longer be usedsincewe have
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no identibcation of who among C, C;, C, should sere as C, and none of them
is adjacert to both B',B". Instead we calculate:

. T80 _ T$0 _ T$0
CEe T g al T 3ES
07 laf |

which is< 1 on the C side,whenT < 1.5, and will be> 1 on the D side, when
T > 1.5. This is usedto debPnev' = uy,v" = Xy, and when we solve the Rates-LP
wegetD.

Next we seethat D is not adjacert toB',B". We now needto useD,B',B"
to construct the optimal base-sequencé',D.,D,D,,B". But this is already
spelled out in the solution along the line & We will start from &= 0 where D
is optimal, and move along the parametric line towards & = 1, where B',B"
is optimal. The validity interval before &= 1 is the solution B',D,,D,D,,B".
The boundary conditions are: T = 1,x9 = 0,) = 0, at &= 0and T = 1,x} =
IXB =2, = idf =3 at&=1

Two things to note about the solution of the subproblem from & = 0 to
&= 1: First, at &= 0 we have two collisions,oneatt = Oand oneatt = 1, s0
we needto perform two pivots to obtain D1, D, D, which is optimal for small
&> 0. Second,compound collisionsand non-adjacert LP-solutions canalsooccur
during the solution of a subproblem. In the solution in Section 6.2, Figure 5, a
pivot from &> 2.095to0 &< 2.095requiresthe solution of a subproblem,in which
two basesare addedto the sequenceB’, C to obtain the sequenceB', C, Cq, C,.

7. The general algorithm

We now presert the generalalgorithm, without the simplifying assumptions(a),
(b). We will however retain the assumption that all the collisions are single.
Following the previous discussionand example of Section 6, we needto address
seweral issues.

First of all, wewill now generalizethe algorithm to work alongany parametric
line of boundary values,in contrast to the simplibed algorithm in which we kept
x%, gV bxedand only varied T. This provides us with a more generalalgorithm,
but it is alsonecessarysincewe needthe algorithm in this form in order to solve
subproblems.

Next we needto modify the classibcationstep. We needto include the case
when se\eral intervals shrink to zero.In particular in this casewe needto modify
the debnition of V', v"'. We alsoadd another collision type, which could not occur
in the simplibed algorithm. It may occur in the initial stepsof the solution of a
subproblem, when the boundary valuesmay be on the boundary of C.

Finally, when the basisD, obtained in the solution of the Rates-LP, is not
adjacert to B' and to B", we needto construct a sub-sequenceof basesto be
inserted between B',B". To do so it is necessaryto solve a subproblem. We
needto provide the formulation of the subproblem, and we then call the general
SCLP algorithm recursively N subproblemsof subproblemsmay occur.
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Apart from its recursive nature the general algorithm cortains only a few
modibcations from the simpliped algorithm. For the sake of completenesswe list
again all the steps.

¥ Input
Problem data consists of G,H,F,a,b,c,d, an initial set of boundary values
Tstar t, X2ar ¢ @tar 1 @ g0al set of boundary values Tgoal , Xgoq » Ghoar» @nd the op-

timal base-sequencén the neighborhood of Tsiar t, XOiar 1 By -

¥ Output
Optimal solution of the SCLP at Tyoq ,xgoal , ag‘oal : optimal base-sequenceyreak-
point times, rates u, Xj p, @in ead interval, and states x(t), q(Tgoal $ t) at ead

breakpoint.

¥ Initialization
Let ' (& bethe straight line in R "3+ K*+L with * (&ar 1) = (Tstar t2 Xar ¢» Bhar ¢)s
' (&oal) = (Tgoal, X80a| ) Gé,\loa|)1 &tar t < &oal. LEL

0 N 0 N
(Tgoal » Xgoal » qgoal) $ (Tstar t Xstar t» Otar t)

(= (T,(x% (") =

&goal $ 8Start
Set: Left endpoint parameter &= &ar ¢,
let B1,...,Bn bethe optimal base-sequencéor ' (&tar¢) +)( ' for) ™ 0small
enough.
¥ Iteration

The iteration starts from current left endpoint parameter & boundary conditions
'(& and current base-sequencBy, ... ,By . This is optimal, with unique optimal
solution possessingp, %> 0, for boundary values' (&, where &= &+ )( ', and
where) > 0issmall enough. The iteration performs the following steps:

¥ Find right endmint of validity range

Obtain u",xI",p",dq', n = 1,... ,N, for the current optimal base-sequence.
Obtain the coe"cients of A, B for the Breakpoint-Equations (13).

Obtain right hand side columns (T, g, h) from ' (&).

Solve (13) with right hand side (T, g, h) to obtain ($, %.

Obtain right hand side columns ((T, (g, (h) from (".

Solve (13) with right hand side ((T, (g, (h), to obtain (($, (%.

Find 1/) = max{0, #%o £Sn all m, n}.

Right endpoint parameteris &= &+ ) .
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¥ Termination test and conclusion

If &< &poal ! &terminate:

Bi,...,Bn isthe optimal base-sequencayith ratesu”, XI",p",dq', n=1,... ,N.
Solve Breakpoint-Equations (13), with right hand side obtained from ' (&ai) t0
obtain $.

Obtain breakpoints 0= to < a8a< tny = Tgoal-

Calculate the valuesx(tn), q(Tgoa $ th),n=0,... ,N.

¥ Classify collision as &0 &

Type-l: $,... ,%~ shrink to Owherel=n'! n* < N,or1<n'! n'=N,
orwherel< n'! n' < N, and By #1\Bn 41| = L

Type-ll: $-,...,$,~ shrink to OwhereO< n'! n" < N,and|By41\Bp=+1|=
2

Let B' = Byg1, B" = By~41. Let {v1,v,} = B'\B". Calculate the value of
R from formula (21). If R < 1let V! = vq,Vv" = vy, elselet V! = v, V! = vy.

Type-lll: %, which is a local minimum at time t, shrinks to zero, where 0 <
n<N.
Let B' = B,, B" = Bps1. Let v.= BAB". If %, = xy(tp) let V' = v,
Vi = X, if Y% = g (T $ ty) let v = uj, v = v.

Type-llla: %, = ¢ (T) which isalocal minimum at time to = 0 shrinks to zero.
Let B = By, V! = uj.

Type-llly: %, = Xx(T) which is a local minimum at time ty = T shrinks to
zero.Let B' = By, V' = Xk.

Type-IVa: x2(& = 0, Xk # By, and (x? > 0. Let B" = By, V! = Xi.

Type-IVp: ¢ (& = 0, u; # By, and (¢ > 0. Let B' = By, V"' = v,

¥ Formulate and solve new Rates-LP/LP "

For Types I, Il Illy, and IV, let K = {k : Xi # B'\v"}.
For Type-lll,, let K = Kg, for Type-IVg, let K = Ko/ V'.
For Types|l, 11, Illy, and V4, let J = {j :u; # B"/ V'}.

For Type-lll, let 3 = Jy, for Type-IVy, let J = Iy / V",
Solve Rates-LP/LP " (K, J ) to obtain new basisD.

¥ Formulate and solve a subpioblem

If D is adjacert to both B',B" no subproblemis needed,let M = 1,D; = D.
Else, formulate and solve a subproblem (Section 7.2) to obtain a base-sequence
Di,...,Dn.

¥ Update the optimal base-sguene@

For Type-l remove the basesB,-, ... ,Bp~.

For Type-Il replacebasesB,,... ,B,~ by basesDq,... ,Dw.
For Type-lll insert basesD1,...,Du betweenbasesBn,Bn+1 .
For Typeslll; and IV, insert basesD4,... ,Dyv beforeB;.

For Typeslll, and IVy, insert basesD1,... ,Dy after By .



36 Gideon Weiss

¥ Set&:= &and go to next iteration

We now needto specify how to calculate R in the debnition of v',v", and
how to formulate the subproblem.

7.1. Calculation of R

Assume collision of Type-ll has happened, where intervals &,-, ... ,$~ shrunk
to zero. Let B',B" and vy, v, be as debned.Consider the solution at ' (&). Let
T be the time horizon, and let t' = ty's 2, t" = ty=41 . Denote by XP the values
of the rates for the primal basisB', and by ¢f the valuesof the dual rates for
the basisB". Then:

9 =
Xig (1) Xiy(t) — — v
#j)-(:lEl :#;Ez Vl - X’kl! V2 - x'kz
G, (T#) g, (T#t) Vi= U Vo= U
3 - y 2 — U
R= %, #f, _ T 2 1)
xi(t) . q(T#L) g ! - —
t | (T#t — —
< sy G e V= UL Ve =

7.2. Formulation and solution of subpioblem

For Typesll and 111, let B',B",Vv',v", D be asdebned,whereD is not adjacert
to either B' or B" or both. For Typeslll,, IV, let B",v', D be asdebned,where
D is not adjacert toB". For Types|Ily, IVy let B',v", D be asdebned,where D
is not adjacert to B'. Denote by XP, @P the primal and dual rates for the basis
D, and similarly for B',B". We denote by z',z" the state variables (primal or
dual) corresponding to the rates v, v*: if v = Xk then z = x, and if v = u; then

z=gq.

¥ Problemdata, parameter range, and time horizon
The subproblem has the same G,H, F, a,b,c,d as the original problem. Take
&tart = 0, &oal = 1. SetT = 1 for ' (0) and for ' (1).

¥ Boundary valuesfor inactive variables

For all Xi # B'1 B" (Xx # D 1 B" for Ill,, IV,), set the boundary values
xp = Inf, and for all u; 3 B'/ B" (u; # B'/ D for Illy, IVp)) setg' = Inf,
both in ' (0) and in ' (1), where Inf is a large enoughconstart value.

¥ Boundary valuesfor z', z"
Theseare given accordingto the dilerent typesof collision and di'erent possible
identities of v',v", in the following Table 2.
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Table 2. Subproblem start and goal boundary values of 2/, z".

Collision Boundary values
type 0 v’ v’ 2 P
. 0, _1 4D 0. _
iy B xh =1 g och =0 5
0 Uj uj 4 = 0 qh =1 g
Ty uj mg =1 4P g =1 g
uj Tk g =0 xE =0
11,111 . .
o By zg = (1/2)d, zgm =1 (1/2)dn
e | we | e | =
| 20 =1 (/28 | @ =1 (1/2)
Y K gt =1 (1/2)¢" 20 =1 (1/2)if
. N — o
0 Ui % .
Tk g =1 @y
III5,1Vy
I g ="
Tk xk =
. 0
=0
0 CCk 5 —1 4D
Ui % =9
111y, IV} )
3 0 _ ;B
1 a:k xh T
uj q; =0

¥ Remaining boundary values
All the remaining boundary valuesare setto 0 for both ' (0) and ' (1).

This debnesthe data for the subproblem, which is then solved by a call to
the algorithm. The resulting optimal base-sequencdor ' (1#) is a sequenceof
adjacert basesB',D4,...,Dy,B".

8. Veribcation of the general algorithm

In this sectionwe verify the generalalgorithm of Section7. To state this we pbrst
needto rephrase Assumption 1.

Assumption 3 (Feasibilit y and Boundedness) For the various components
Of X3oar+ Ooar 16t Ko = {k = x29% > O JIn = {j : qoo > 0}. The primal
Rates-LP(*,Jn) and the dual Rates-LP (Kg, *) are both feasible.

The general algorithm performs a sequenceof SCLP pivots along the line
(" (&star t), ' (8&oal)), Which we refer to asthe top level, or level 0. It may then
needto solve a subproblem, with its own start and goal boundary vectors, and
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we refer to the SCLP pivots of the subproblem as level 1. If further recursive
calls to the algorithm are made we refer to a subproblem called from level | as
alevel | + 1 subproblem. We now prove:

Theorem 7. Assume that Assumptions 3, 2 hold. Assume also that all colli-
sions along the top level parametric line and along all the parametric lines of all
subpoblemsare single (simple or compound). Then the algorithm will compute
the unique solution of SCLP/SCLP " in a bnite numker of iterations, bounded
by22|+J+K+L )

Proof. We needto modify, adapt and extend the argumens usedto verify the
simplibed algorithm.

We brst show that the stepsof the algorithm can be carried out. The initial-
ization here is straightforward, since we assumethat we start with an optimal
solution at ' (&tar t) SO Proposition 3 is superf3uous.Proposition 4 needsno mod-
ibcation, sothe termination step can be performed.

The classibcationstep is now more general,and coversall the possibilities for
a single collision, by the addition of Type-ll compound collisions. The debnition
of v',v"" now usesthe value of R.

Type-IV collisions arise only if ' (&ar 1) hasx; = 0 while ' (&oal) hasx‘k’ >0
for somek (Type-1Vy), or if ' (&tar t) hasq = 0 while ' (&oal) has qN > 0 for
somej (Type-IVyp). In that case' (&tar t) 1S ON the boundary of the feasibility
coneC. In particular this may happen at the initial pivots of a subproblem.

The proof of Proposition 5 needsto be modiPed as follows: The Rates-
LP/LP * which are produced by top level SCLP-pivots with collisions of Type
115 or 11, are primal and dual feasibleby Assumption 3 (note that Ky and J y
are the samefor all ' (&), &ar t < &! &oal). For all other top level SCLP pivots
the proof of Proposition 5 holds. Finally, all the Rates-LP/LP " of alevel | + 1
subproblem are sandwiched betweenB',B" of the level | calling (sub)problem,
and hencethey are primal and dual feasible. Uniquenessof D follows from As-
sumption 2.

We again needto showv that the new base-sequenc@roduced by an SCLP
pivot is optimal for a range of values &> & We do so in Proposition 8 which
generalizesProposition 6.

Next we needto shaw that the total number of SCLP pivots, counting top
level and subproblemsof all levels, is bounded. We shaw in Proposition 9 that
the bound derived for the simpliPed algorithm is alsovalid here.

Finally we needto verify the solution of subproblems, which we discussin
Section 8.1. We show in Propositions 10, 12, 13, and 14 that subproblemscan
be solved, and that they produce the desiredsequenceof basesD,,... ,Dy .

This completesthe proof. !

The proofs of the following propositions are supplied in the Appendix.

Prop osition 8. In an SCLP iteration with a single collision the new base-
sequene is optimal for boundary values' (&), for &> & small enough, and the
solution has $, %> 0.
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Prop osition 9. The total number of SCLP pivots of the geneal algorithm,
counting iterations of the top level and iterations of the subpioblemsof all levels,
is bounded by 22 "7 7"

8.1. verifying the solution of subpoblems

We will discussmainly collisions of Type-Il, in which we have basesB',B" and
B'\B" = {vi,w}. The results we get are easily adapted to the other types
of collisions. Without loss of generality we will assumethat the quantity R
calculated in (21) is! 1 (sinceif we exdhangevi, vo we get the value /R ). We
let z1, z, be the state variables corresponding to v, V».

If welet v' = vq,v!' = v, and formulate and solve the Rates-LP of the
iteration, we get the optimal basisD. We consideralso the Rates-LP with v' =
vo, V' = vq and let C be its optimal basis.If C and D are adjacert to B',B"
then we are in the situation of the simplibed algorithm.

When D is not adjacert to B',B" we formulate a subproblem in terms of
B',B", v, Vs, D, and solve it along a parametric line segmen '5(&,0! &! 1
(as in Section 7.2). Analogously we can formulate a subproblem in terms of
B',B", vy, V1, C, tobesolvedalongthe parametric line segmen'¢(&,0! &! 1.
We refer to theseasthe D and C subproblems(they are well debPnedalso when
D or C are adjacert to B',B").

We considerthe intersection of the feasibility coneC ( R*!'*J*K+*L with the
plane of the z;, z, coordinates, with the Pxedvalue of T = 1 and the remaining
coordinates bxedat O or Inf. Each point in this plane debnesa set of boundary
values.In particular, 'p (&, c(&,0! &! 1 aretwo line segmets on this plane
with common endpoint at &= 1. This is illustrated for the example of Section 6
in Figure 6.

At ead point in the z;, z, plane we can calculate the ratio R(z1, z»):

9 =
P 2 Vi = Xk, V2 = Xk
#)q?l = #X:EZ L 2
; V4 Z F— . — .
R(z1,2) = : #qiéz #qﬁ Vi = Uj,, V2 = Uj, (22)
P 2 vy = Xk, Vo = U
<(#Xf Y4) #qf 2)1 l_ 2_ ,J
1/(#)@3 +w) Vi = Uj, Vo = Xk

The following propositions verify the solution of the subproblem, proofs are
given in the appendix. We note brst:

Prop osition 10. If Inf is large enoughthen none of the state variables with
initial value Inf hit zer throughoutthe solution of the subpioblems.

We now assumethat the value of Inf is chosenlarge enoughto satisfy this
condition. We next derive properties of the ratio R:

Prop osition 11. (i) The valueof the ratio R(z1,2z2) = 1if andonly if z3,2, is
in the validity region of the base-sguene (B',B").
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(i) If z1(&,z2(& are alne functions of & then the ratio R(z1(&),z2(&) is
monotonein &

(i) In the interior of the validity region of any base-sguene which is di"er ent
from (B',B"), the ratio is either always> 1 or it is always< 1.

(iv) The optimal base-sgquene for ' (0) is D, and R('p (0)) > 1.

(v) The optimal base-squene for '¢(0) is C, and R(' ¢ (0)) < 1.

Prop osition 12. The solution of the subpioblem will terminate with a base-
sguene (B',D4,...,Dw,B").

Prop osition 13. The newbase-sguen&isdi"er ent from the current base-sguene.

Finally, we needto verify the initial step of the subproblem solution. Here we
have the exceptional situation that the initial base-sequenc® is valid only at
&= 0, and it hastwo collisions,oneat t = 0 and oneat t = 1. To initialize the
solution we perform the pivots appropriate for eat of thoseto obtain the basis
D' for the collision at t = 0 and the basisD" for the collision at t = 1. If those
are not adjacert, we solve subproblemsto obtain base-sequence®},...,Dj-
and/or DY,... ,D§~. We have:

Prop osition 14. One of the sequenes (D',D), (D,D") or (D',D,D") (more
geneally (Dj,...,Dy-,D), (D,D},... ,D{~),0r (D},...,Dy-,D,D},...,Dy~))
is optimal for &> 0 small enough.

9. The algorithm with no assumptions

We now extend the algorithm, to make it independernt of assumptions.

¥ Extended algorithm

¥ Termination with no solution

If the collision is of Type-lll, and the Rates-LP is unbounded, then for &> &
there is no optimal solution of the primal problem with bounded measurable
primal cortrols.

If the collision is of Type-llly and the dual Rates-LP" is unbounded, then
for & > &there is no optimal solution of the dual problem with bounded
measurabledual cortrols.

¥ Classipation step
If the collision is multiple, perturb a,b,c,d to make it into a single collision.

¥ Rates-LP solution step
If D is degenerate,perturb a,b,c,d to make it non-degenerate



A Simplex Based Algorithm to Solve Separated Continuous Linear Programs" 41

¥ lteration

When the algorithm reades &0a With the perturbed problem, or when the
perturb ed problem has no solution beyond & examine the Pnal optimal base-
sequenceBy,...,By.

b If By,...,By isvalid for the unperturb ed problem data, or has no solution
beyond & for the unperturb ed problem data, compute the optimal solution
at &oal OF &

b Elsereducethe perturbation sizeand repeat the solution process.

Theorem 8. The algorithm will reach an optimal solution for &4 in a Pnite
numkber of steps, or will determine that there is no primal or no dual optimal
solution with bounded measurable controls beyond &

Proof. For small enoughperturbations all the Rates-LP problems (for all possi-
ble choicesof signrestrictions) will have the sameoptimal basisfor the perturbed
and the unperturb ed problem.

Hencethe optimal base-sequencef the perturb ed problem will satisfy con-
ditions (i) admissible and adjacert, (ii) consistert with the boundary, for the
original problem aswell as for all problemswith smaller perturbations.

Furthermore, as the perturbations decrease,the optimal solution will con-
vergeby cortinuity. Recallthat the number of intervalsin any solution is bounded.
Hence there exists a small enough perturbation size such that for its optimal
base-sequencéhe valuesof $, %in the solution of the Breakpoint-Equations (13)
will be positive for all smaller perturbations, as well as non-negative for the
original data.

Henceafter a bPnite number of steps,when a small enough perturbation size
hasbeenreaded, the Pnalbase-sequencwill be optimal for the original problem,
either at &oq Or at & In the latter casethe Rates-LP (or Rates-LP") will be
unbounded for the original data. !

We can now complete the proofs of the Duality, Existence, Uniquenessand
Structure results:
Proof of Theorem 1:
As we saw, if Assumption 1 holdsthen in collisionsof Types||l,,, Rates-LP/LP °
are feasibleand bounded, and posses®ptimal solutions. Hence,for small enough
perturbations, the modibedalgorithm will not terminate before & o4/, and it will
construct optimal primal and dual solutions as required. !

Proof of Corollary 2:

Part (i) follows from Theorem 1. x(0), q(0) are the samefor all T by the con-
struction. Part (ii) follows from the proof of Proposition 3. For part (iii) note
that if a basesequenceis valid for &< T < & then it contains an interval in
which all the ratesare” 0. !

Completing the proof of Theorem 3:
We now show the cornverse side of the Theorem: Consider a problem which
satisPesAssumptions 1, 2 and assumeTgoal, #goal, " goal IS IN the interior of C.
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The modibed algorithm will construct a solution which will satisfy (i), (i), (iii)

exceptthat the solution may include somecollisions at someof the breakpoints.
In that casewe canchooseany random direction of (T, (#, (", solve subproblems
at the collisions, and move small ) away in this direction. We then obtain
solutions with adjacert basesand all positive $, % !

Proof of Theorem 2:
This follows from the corverse part of Theorem 3 and from the uniqueness
corollary 5 !

10. Implemen tation

In implementing the algorithm we note the following: At ead SCLP iteration
one can usethe results of the previousiterations in the solution of the Rates-LP
and in the solution of the Breakpoint-Equations (13).

In the solution of the Rates-LP debnedby B',B",Vv!,v" if the optimal so-
lution D is adjacert to B',B" then it can be obtained by a single pivot from
either B' or B". The choice of this pivot is reminiscert of a step in the Criss
Cross method for LP deweloped by Fukuda and Terlaky [15]. In the solution of
the Breakpoint-Equations (13) we can start from the solution of the previous
iteration and only changea single column of coe"cients. It follows that if N, M
are comparableto | + J + K + L then a single SCLP pivot requires about the
sameamount of work as a pivot of standard LP of comparablesize.

Control problemsare often solved by calculating an optimal feedbad cortrol
for every state. For SCLP we do not try to obtain a global feedbad cortrol,
since that would be equivalent to enumerating all the validity regionsin the
1+ 1+ J+ K + L dimensional spaceof boundary values. However, if we have an
optimal solution for a problem for one set of boundary values, and we wish to
solveit alsofor somecloseby boundary values,this may be donequite e"cien tly:
Wewould move from oneoptimal solution to the other using our parametric steps
along the line segmem connecting the two boundary value vectors. If the two
vectors are closethe number of SCLP pivots may be small.

In practice one often usesa rolling horizon optimal coritrol: The problem
is solved for a time horizon T, and the optimal solution is usedfor a duration
) < T, and the problem is then solved again at intervals of ) , with updated
current state, for the sametime horizon T. Each time the problem is solved
again, the previous solution can be usedas a starting solution.

We have implemented the algorithm in a MATLAB 5 program. No attempt
was made to make the algorithm e"cient or stable. It can currently solve a
typical problem of dimensionl + J + K + L = 100in a few hundred iterations.
Instabilit y is partly the result of improper distinction betweensmall valuesand
between geruine 0 N this is currently tested by some tolerance parameters,
which are preset. With large problems it becomesdi“cult to choosethe right
tolerance.

In Figure 7 we present a plot of the steps of the algorithm. It presens the
solution of a randomly generated problem with K = 5, J = 8,1 = 3, L = 2



A Simplex Based Algorithm to Solve Separated Continuous Linear Programs" 43

0 T T T
20 B
/\\\ AV
J
40 l\\||\ h
[T\

JEER\N

'_ 1 A N
80 1
N *

O\ \
120 - \\ —
140 = ! | | .
0 50 100 150

Fig. 7. Plot of the evolution of the solution by the algorithm

It was solved for all T from O to & . The solution required a total of 33 SCLP
pivots, with 25 pivots at the top level and 3 callsto subproblemsthat were solved
in 2, 4, 2 pivots respectively. In this Pgurethe vertical downward pointing axis
is the time horizon T. Horizontal axisis the time 0< t < T. What is plotted for
ea T are the locations of the breakpoints. Horizontal lines are plotted at the
T of each top level pivot. We can read from this bgurethe exact evolution of the
top level iterations of the algorithm: Collisions of Type-I, 11, or 111, 1, Iy, are
easily recognized.The last optimal base-sequenceés valid for 1282 < T < & .
We canseehow for T > 1282 the interval betweent = 80 andt = 100is growing
with T at rate 1, while all the other intervals remain of bxed length.
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App endix: Completion of Pro ofs

In this appendix we supply the remaining proofs.

Proof of Proposition 8:

Clearly the new base-sequenceonsistsof admissible bases,and by construction
the new sequenceconsistsof adjacert bases,and is consistent with the boundary
values.

By the structure Theorem 3 all we needto show is that for ' (& + )( ', the
solution of the Breakpoint-Equations (13), formed from the new base-sequence,
are $,%> 0if ) > 0issmall enough.

We follow the sameargumerts asin the proof of Proposition 6. The situations
not covered there are collisionsin which more than oneinterval shrinks to zero,
and collisions when more then one new interval is inserted. We could have one
of these or both of these happen in an SCLP pivot. We consider the casethat
both happen. The proof when only one happensfollows trivially . So we assume
that intervals $,+1,...,%+n" with basesC4,...,Cyn" shrink to zero, and are
replacedby new intervals %, ... , %, with basesD,,...,Dy~. We alsodenote
by B', B" the basesadjacert to theseon both sides.

We again examine how the Breakpoint-Equations (13) are changed by the
pivot, by comparing the equationsfor the old and the new base-sequenceSince
$41,...,%+n shrink to zero, we remove the N' columns of coe"cients be-

1...1 0
longing to them from the matrix +* A 0 - . In addition, since|B'\B"| = 2,
B $I
we can remove all the equations of those variables which both ernter and leave
(or leave and enter) at the time breakpoints t,,...,th+ N, Of which there are
N'$ 1, becausethese equations can now be reducedto 0= 0. We then needto
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insert new columns and rows for the new unknowns %, ... ,% . This consists
of N" columnsand N" $ 1 rows. The rows consist of the equationsfor variables
that both enter and leave (or leave and enter) in the solution of the subproblem.
After removing and inserting the various columnswe are badk with a squarema-
trix of coe"cients. The right hand sides(T,g,h) and ((T, (g, (h) are adjusted
accordingly.

We can now rewrite the old and the new equations. We use somemanipula-
tions in which we subtract somerows from others, we reorder rows and columns,
we useA1, g1, (g1 to denotethe coe"cien ts of the equationsand right hand sides
which are commonto the old and new equations. We obtain:

* *
1 ’

A1 D(%fﬁq.ﬂg: 91( (91( A1 D(%&gz 91(+) (91(
+ o E

+
0 E e ) (e1 0 £o.c €1 (el

on o

(23)

where E, E are squareN ', N" matrices, and where all of e, e, (e;, (e, are vec-
tors with Prst componert ¥ 0 and the remaining componerts = 0.
The key obsenation now is that the equations:
*
1 0, %
E+ ! - =[e]+) [(e]

are exactly the equationsobtained by similar manipulations of (13) for the sub-
problem. But the equations for the subproblem have solutions in which all the
intervals are positive. This implies, because[e;] + ) [(e1] is just a multiple of
a unit vector, that in the solution of the equations (23) all the componerts of
$,...,%  have the samesign, i.e. they are either all zero,all > 0 or all < 0.
If we take) = 0 the solution of both sets of equations (23) is the same, with
$ro1 = &88= oy = $ = &A= - = 0. : (

We now useexactly the argument of Proposition 6 to show that A01 [E) is
invertible, and that the unique solution for ) > 0 has$, = &84= %~ > 0, and
therefore for ) > 0 small enoughall $, %> 0. !

Proof of Proposition 9:

For the proof we needto extend Theorems3 and 4 to non-adjacen sequence®f
bases.For a sequenceof admissible, non-adjacert, consistert with the boundary
values bases,debnean extended system of equations (13): Include in A one
equation row for ead state variable that hits zero between any two bases,in
other words, if X or u; is in By 1\ By include an equation for xx(tn) = 0 or
g (T $ ty) = 0. If the resulting $, %are non-negative the solution is optimal. It is
alsounique. If such a base-sequences optimal for two setsof boundary values, it
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is optimal for the line segmemn of boundary valuesconnectingthem. The proofs

of these extended versionsare similar to the proofs of the original results.
Consideran iteration in alevell " 1 subproblem.Let & be the current value

of the parameter along the top level parametric line, and write the current nested

sequenceof basesasB4,... ,Bn,D1,... ,Dm,Bn+1,...,Bn, wherethe collision
for parameter value & occurred at t,, betweenB,,Bn+1, and Dy,... ,Dy in-
cludesall the current new basesof the level 1,... ,| subproblems.Assumethat

the subproblem at level 1 is not yet solved, so that either [B,\Di| > 1 or
[Dm\Bn+1| > 1 or both.

For easeof notation renamethe basesin the nestedsequenceasEg,... ,E| .
Recall that all the basesin the nested sequenceare dilerent with decreasing
valuesof Rates-LP objectives.

For the top level problem, construct the extended system of equations (13)
for the base-sequenc&y, ... ,E, with the boundary valuesof &. This will have
a solution in which the intervals of the top level baseshave the samelengths as
in the current top level solution, while the intervals of the basesD4,... ,Dy are
all zero.

We claim that this sequencewill never reappear in a later iteration. Assume
to the contrary that for sometop level parametervalue & > &, in someiteration,
the current nestedsequenceof basesis againE,,... ,E| .

If that is the case,we can also construct the extended system of equations
(13) for the base-sequencé&s,...,E_ at the boundary valuesé&, and those will
again have non-negative $, %

By the extended Theorem 3, E1,... ,E_ is optimal for the top level problem
at both & and &, and henceby the extended Theorem 4 for all values & inbe-
tween.We now get a contradiction: At & > & small enoughthe optimal base-

sequenceavhich the algorithm will construct will beB1,... ,Bn,D1,...,0y,Bns1,...

where B,,D1,...,0,;,Bn+1 is the solution of the level 1 subproblem at &.
But in this solution at & all basesare adjacert, and all the intervals are posi-
tive. Hencewe have two dilerent optimal solutions at & , which cortradicts the
uniquenessof the solution.

The bound now follows asin Proposition 7 !

Proof of Proposition 10:

In the time horizon of T = 1 the value of any primal or dual variable does not
decreaseby more than the value of max|Xj, gi| where the maximum is taken
over all the Pnitely many feasible and bounded primal and dual basesof the
Rates-LP/LP . !

Proof of Proposition 11:
(i) We considerv; = Xk,v2 = uj. The 3 other casesare similar. (B',B") is
an optimal base-sequencewith breakpoints 0 < t; < 1, if and only if z,(0) =

$xf t1, 22(0) = $f (1$ t1), which is equivalert to #faKlB + #;?g = 1.

(i) This is so becauseR is a ratio of two nonnegative a"ne functions, and
henceit is continuous, and can be either constart, or strictly increasing, or
strictly decreasing.

, BN
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(iii) Clearly, if a base-sequences not (B',B") then it must have somepoints
in its validity region where R ¥ 1. Assumethat in the interior of the validity
regionof a givenbasessequenceR(z;,z,) < 1, R(z{,z5) > 1. Then by continuity,
along the line segmemn connecting the two points, there is a point (z;, z,) where
the ratio is 1. But then by (i) this point will also be in the validity region of
(B',B"). So(z1,2,) must be on the boundary of the validity regionsof the given
base-sequencand of (B',B"). But the two endpoints of the line segmen are
not in the validity region of (B',B"). This is a cortradiction.

(iv) We considerbrst v, = Xk, V2 = u;, in which caseu; # D, X # D. From
the table in Section7.2the boundary values' p (0) arex? = $xP, ando; = $qP.
By the uniquenesscorollary, 'p (0) is not in the validity region of B',B". One
can then ched that all (z1,z2) with z; " $X'E and z, " af are in the validity
region of D. Clearly for z;,z, large enoughthe ratio R = 22 + #;?; will be

#
arbitrarily large, sothe validity region of D corntains points with R > 1. By (iii)
this implies that R('p (0)) > 1. In the other 3 possiblechoicesof v;, Vv, we have
R(p(0) =& > 1.
(v) Follows from R(z1,2;) = 1R (z2,z1). !

Proof of Proposition 12:

Clearly at ' p (1) the optimal base-sequenceés (B',B") with R = 1 and at ' (0)
the optimal base-sequences D with R > 1. By the lemma, the ratio isR > 1in
ead of the validity regionsalongthe line ' p (& (in fact, by uniquenesst is easily
seento be decreasingmonotonically in &. So'p (1) must be on the boundary
of the validity region of a base-sequencevhich is dilerent from (B',B"), with
a collision occurring as &0 1. Since|B'\B"| = 2 the collision is not Type-I. It
is alsonot Type-ll1, becausethat would imply that R < 1 in the validity region
prior to the last collision. Hencethis collision must be Type-Il, and the optimal
base-sequencé the last iteration is (B',D4,...,Dw,B") as required. !

Proof of Proposition 13:

This is obvious for all types of collisions except Type-Il. For collision Type-
Il we needto show that the base-sequenc¢B',D4,...,Dy,B") produced by
the solution of the subproblemis dilerent from (B',C4,...,Cwu",B"). But this
follows becauseR < 1 on' ¢ (& which passedthrough (B',C4,...,Cyu-,B") and
R > 1o0n'p (& which passeshrough (B',Dy,...,Dy,B"). !

Proof of Proposition 14:
The point ' (0) is on the boundary point of four validity regions, of the base-
sequence®, (D',D), (D,D") and (D',D,D") (more generallyD, (D}, ... ,Dy-,D),
(D,Df,...,D{~),or(D},...,Dy-,D,D},...,D{~)) (seeFigure 6). The bound-
aries are given by four rays radiating from 'p (0).

On the line 'p (& R is decreasingas & increasesfrom 0 to 1. In the validity
region of D and on its boundary R is" then its value at ' (0). Hencethe line
'5 (8 for &> 0 small enoughwill lie in the validity region of (D', D), (D,D")
or (D',D,D"). !



