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Abstract. We consider the separated continuous linear programming problem with linear
data. We characterize the form of its optimal solution, and present an algorithm which solves
it in a finite number of steps, using an analog of the simplex method, in the space of bounded
measurable functions.
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1. In tro duction

Bellman [9,10] intro ducedthe following contin uouslinear programming problem,
with unknown vector of functions u(t), to model someeconomicprocesses:

maxu

! T

0
c!(t)u(t)dt

CLP s.t. H (t)u(t) +
! t

0
G(s, t)u(s)ds ! a(t), (1)

u(t) " 0, t # [0, T].

GeorgeDantzig was very interested in this problem, which was pursued by his
students Perold [23,24] and Anstreicher [7] who searched for a simplex based
solution. Seealso Grinold [16] (dualit y) and Ito, Kelley and Sachs [18] (interior
point method).

A subclass of CLP is the class of separated contin uous linear programs
(SCLP). This has been re-intro duced by Anderson [1,2] in the context of job
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shop scheduling:

maxu

! T

0
c!(t)u(t)dt

s.t.
! t

0
Gu(s)ds ! a(t), (2)

H u(t) ! b(t),

u(t) " 0, t # [0, T].

Somespecial casesof SCLP were solved by Anderson and Philp ott [4,5] and by
Hajek and Ogier [17]. The 1987book of Anderson and Nash [3] summarizesthe
theory developed by Anderson, Nash and Philp ott, as well as earlier work on
SCLP and CLP up to that date, with many earlier references.

Major progressin the theory of SCLP was achieved by Pullan [26Ð31,6]. Pul-
lan consideredSCLP problems with a(t), b(t) and c(t) piecewiseanalytic, where
the search is for optimal u(t) in the spaceof bounded measurablefunctions. He
formulated a non-symmetric dual problem (in the spaceof measures):

min! ,q

! T

0
a!(t)d! (t) +

! T

0
b!(t)q(t)dt

s.t. $ G!! (t) + H !q(t) " c(t), (3)

q(t) " 0, ! (T) = 0, ! (t) non-decreasing, t # [0, T].

and proved strong dualit y. He also showed that the optimal solution u(t) is
piecewiseanalytic, with a bounded number of (possibly exponentially many)
breakpoints, and in particular for the specialcasethat a(t) ispiecewiselinear and
b(t) piecewiseconstant, the optimal solution u(t) is piecewiseconstant. Pullan
has also proposeda convergent (though not Þnite) algorithm for the piecewise
linear case,basedon a sequenceof discretizations.

A similar algorithm is suggestedin Philp ott and Craddock [25]. Luo and
Bertsimas [21] have usedquadratic programming techniquesin conjunction with
discretization, and implemented those for a more generalproblem, namely state
constrained SCLPÕs.

For a more generaldiscussionof dualit y in SCLP, using convex analysis, see
a recent paper of Shapiro [32]. For a succinct look at linear programming in
abstract functional spaces,from a convexity point of view, seeBarvinok [8].

Yet in spite of Þfty years of research, no clear theory of contin uous linear
programming hasemerged,no satisfactory algorithm hasbeenfound, and many
questionsremained unresolved, chief among them the relation of CLP to LP.

Trivially , discretization of time converts CLP (1), as well as SCLP (2) to an
approximating standard linear program (LP). The theoretical results of Pullan
were derived by using such a discretization. Most of the methods suggestedfor
solving CLP and SCLP are basedon discretization of the time. Yet solving a
discrete LP approximation is not satisfactory for three reasons:(i) the resulting
LP problem is big, (ii) The solution is only approximate, and in fact to obtain
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a good approximation it is necessaryto use a Þner discretization in sometime
intervals and a rougher discretization in others (seeFleischer and Skutella [14]
and Fleischer and Sethuraman [13]) (iii) perhapsmost important, the structure
of the problem is lost, becausethe discretization intro ducesmany spuriousbasic
variables.

Contin uous linear programming is suitable for the formulation of control
problems with linear constraints and linear objective, and it seemsa very natu-
ral tool to model a wide range of optimization problems in which time plays a
role. Clearly, dependenceof the solution on time is often very important, and sen-
sitivit y to the determination of critical events is of major interest. Unfortunately
the lack of understanding of the structure of the solution, and the necessity of
discretizing time in order to solve CLPÕshas limited their usefulness.Sincedis-
crete time had to be usedin the solution, it seemedbetter to formulate problems
directly in discrete time and forego the advantagesof contin uous modeling.

In the current paper we avoid discretization of the time. Our contribution is
twofold: We presenta clear and simple description of the solution of SCLP as a
function of continuous time, and we intr oduce an algorithm which solvesSCLP
exactly in a Þnite bounded number of steps. We do this by a generalization of
the simplex method of LP to inÞnite dimensional function space.

We focus on the following problem:

max
! T

0
(( " ! + (T $ t)c!)u(t) + d!x(t)) dt

SCLP s.t.
! t

0
Gu(s)ds + F x(t) ! # + at, (4)

H u(t) ! b,

x(t), u(t) " 0, t # [0, T].

HereG, H , F are ÞxedK %J , I %J , K %L matrices, and the remaining problem
data consistsof the K -vectors #, a, I -vector b, J -vectors " , c and L vector d.
All vectors are thought of as columns, and ! denotesthe transpose.

The unknown variablesareuj (t), j = 1, . . . , J , and xk (t), k = K + 1, . . . , K +
L , as functions of time 0 ! t ! T . We name xk (t) the (primal) state variables,
and we name uj (t) the (primal) controls. We let the additional primal states
xk (t), k = 1, . . . , K denotethe non-negative slacks of the Þrst set of K inequality
constraints, and we let the additional primal controls uj (t), j = J + 1, . . . , J + I
denote the non-negative slacks of the secondset of I inequality constraints.

To avoid cumbersome notation we will use x(t) to denote either the full
vector (x1(t), . . . , xK + L (t)) or one of the partial vectors, (x1(t), . . . , xK (t)) or
(xK +1 , . . . , xK + L (t)), with a similar convention for u(t) and for the dual un-
knowns (still to be deÞned),whenever the meaning is clear from the context.

In comparison to AndersonÕsformulation (2) we generalizeby the addition
of F , but restrict attention to linear functions a(t), c(t) and constant b(t), d(t).
We note that with the addition of F , the state constrained SCLP of Luo and
Bertsimas [21] becomesa special caseof our formulation.
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For this problem we develop a theory and algorithm which are entirely anal-
ogousto the theory of linear programming and the simplex algorithm. In par-
ticular we:

Ð Formulate a symmetric dual problem.
Ð Identify an extreme point (vertex) of SCLP with a Þnite sequenceof bases

of an associated LP.
Ð Give a detailed description of the optimal solution for each base-sequence.
Ð DeÞnethe validit y region of a base-sequencesto be the convex polyhedral

coneof boundary valuesfor which the base-sequenceis optimal.
Ð Identify extremeedgesbetweenverticesasneighboring base-sequenceswhich

have contiguous validit y regions.
Ð Derive a pivot like operation between neighboring base-sequences,to move

along an extreme edgefrom vertex to vertex.
Ð Find a sequenceof pivots along a parametric line of boundary valuesto solve

SCLP in a Þnite number of steps.

The parametric sequenceof pivots is analogousto the parametric self-dual sim-
plex algorithm of LP (seeDantzig [11] or, more recently , Vanderbei [33]). Each
SCLP pivot requires the solution of an LP which is often solved by a single
LP pivot. The choice of this pivot is reminiscent of the Criss Cross method of
Fukuda and Terlaky [15].

Crucial to our algorithm is an assumption of non-degeneracy(Assumption 2
in the sequel),without which our pivot operation cannot be deÞned.In practice
every problem can be perturb ed to be non-degenerate.Our contribution here is
to identify in very simple terms the condition for non-degeneracy.

While the original interest in CLP was for economicmodels [9,11,12,19,20],
our own motivation is the optimal control of multi-class processingnetworks,
where we approximate a discrete stochastic system by a contin uous determin-
istic ßuid approximation [34,35]. In [22] we describe an asymptotically optimal
scheme for the control of a queueingnetwork over a Þnite time horizon, based
on an optimal ßuid solution obtained from an SCLP problem of the form (4).

The rest of the paper is structured as follows: We start with a simple mo-
tiv ating example in Section 2, followed by a theoretical Section 3 in which we
formulate the symmetric dual problem, state our main results, and intro duceop-
timal base-sequences.An important result hereis the Structure Theorem 3 which
fully describes the solution of SCLP (4). A simpliÞed version of the algorithm
is presented in Section 4 and veriÞedin Section 5. The simplifying assumptions
are untenable, as we show in another motivating example in Section 6, where
we intro duce subproblems.A generalversion of the algorithm, which calls itself
recursively to solve subproblems,is presented in Section 7. In Section 8 we ver-
ify the algorithm and bound the number of steps.Someof the proofs from this
section are postponed to the Appendix. In Section 9 we expand the algorithm
and dispensewith the non-degeneracyassumption. This is usedto prove strong
dualit y by construction. We concludewith a brief Section10 on implementation,
and present a graphical display of the algorithm.
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2. A simple example

We wish to solve the SCLP (4) instance:

max
! 6

0
[(8 $ 2t)u1(t) $ x2(t)] dt

s.t.
! t

0
u1(s)ds + x2(t) ! 3 + t

u1(t) ! 2

u, x " 0

We actually solve parametrically, for all 0 < T < & , a family of problems:

max
! T

0
[($ 4 + 2(T $ t))u1(t) $ x2(t)] dt

s.t.
! t

0
u1(s)ds + x2(t) ! 3 + t

u1(t) ! 2

u, x " 0,

the original problem is retrieved when T = 6. We write down the symmetric
dual, which we name SCLP" :

min
! T

0
[(3 + T $ t)p1(t) + 2q2(t))] dt

s.t.
! t

0
p1(s)ds + q2(t) " $ 4 + 2t

p1(t) " $ 1

p,q " 0.

In this symmetric dual the time runs backwards, so that primal t corresponds
to dual T $ t. Here p1(T $ t) is the dual variable (or the simplex multiplier)
corresponding to

" t
0 u1(s)ds + x2(t) ! 3 + t, and q2(T $ t) is the dual variable

to u1(t) ! 2.
We add non-negative slacks to obtain the pair of dual problemswith equality

constraints. We now have 4 primal and 4 dual variables:

max
" T

0 [($ 4 + 2(T $ t))u1(t) $ x2(t)] dt
s.t.

" t
0 u1(s)ds + x1(t) + x2(t) = 3 + t
u1(t) + u2(t) = 2

u, x " 0.

min
" T

0 [(3 + T $ t)p1(t) + 2q2(t))] dt
s.t.

" t
0 p1(s)ds $ q1(t) + q2(t) = $ 4 + 2t
p1(t) $ p2(t) = $ 1

p,q " 0.

For every time horizon T we will construct feasible solutions to the primal
and dual which are complementary slack: xi (t)pi (T $ t) = 0, qi (T $ t)ui (t) =
0, 0 < t < T, i = 1, 2, and henceare optimal with no dualit y gap. The solutions
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will partition the time horizon 0 = t0 < t1 < ááá< tN = T, with u(t), p(T $ t)
piecewiseconstant, and x(t), q(T $ t) contin uouspiecewiselinear, with piecewise
constant slopes úx, úq.

We Þrst solve the problem for inÞnitesimally small T . Each of the primal and
dual problems then decomposesto two ordinary LP problems:

max $ x0
2

s.t. x0
1 + x0

2 = 3
x0 " 0

max $ 4u1

s.t. u1 + u2 = 2
u " 0

min 2qN
2

s.t. $ qN
1 + qN

2 = $ 4
q " 0

min 3p1

s.t. p1 $ p2 = $ 1
p " 0.

We are only interested in the top two problems, for the calculation of x0, qN .
We call these the Boundary-LP and the Boundary-LP" problems. Their opti-
mal solutions determine the initial values x(0) and q(0), for all T . Solving the
Boundary-LP/LP " we get:

x1(0) = x0
1 = 3, x2(0) = 0, q1(0) = qN

1 = 4, q2(0) = 0.

This initializes the solution. Throughout the paper we will refer to x0, qN as
primal and dual boundary values

We now take T > 0 and wish to solve for x(t), q(T $ t), 0 < t < T. Sincewe
believe that the solution is contin uous piecewiselinear (in fact, for small T we
believe it is linear) and sincewe already have x(0), q(0) all we needto calculate
are the slopes úx, úq, which are piecewiseconstant (for small T they are constant).
Taking derivativesof the constraints of SCLP/SCLP " , we seethat theseslopes
needto satisfy the constraints of the following pair of dual problems:

max 2u1 $ úx2

s.t. u1 + úx1 + úx2 = 1
u1 + u2 = 2

min p1 +2 úq2

s.t. p1 $ úq1 + úq2 = 2
p1 $ p2 = $ 1

which we name the Rates-LP/LP " . Throughout the paper we will refer to x, q
as primal and dual states, to u, úx, p, úq as primal and dual rates and also to u, p
as primal and dual controls.

Since x1(0) > 0, q1(0) > 0, the slopes úx1, úq1 are unrestricted in sign. For
complementary slacknesswe then require that p1 = 0, u1 = 0. Since x2(0) =
0, q2(0) = 0 we require that úx2 " 0, úq2 " 0, and Þnally, u2 " 0, p2 " 0. We
denote sign restrictions on variables by: P for non-negative, U for unrestricted,
and Z for restricted to be 0. The sign restrictions here are:

úx1 U, u1 Z, úx2, u2 P, úq1 U, p1 Z, úq2, p2 P.

With thesesign restrictions the solution of the Rates-LP/LP " is:

u2 = 2, úx1 = 1, p2 = 1, úq1 = $ 2, remaining rates are = 0, objective = 0.
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This givesus the optimal solution for a whole range of valuesof T > 0.

In Fig 1 we plot the optimal solutions for values of T ranging from 0 to 6,
in increments of 1/ 2. In this Þgurewe show the non-zeroprimal and dual state
variables. We plot the state variables x pointing up with time running left to
right. We plot the dual state variables q pointing down, with time running in
the reversedirection, from right to left.
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Fig. 1. Solution of simple example, for time horizons 0 < T < 6
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The Þrst 5 drawings in Fig 1 show how the optimal solution evolves for
0 < T < 2, where the slopesare constant, úx1 = 1, úq1 = $ 2. Theseslopescannot
contin ue beyond T = 2, becauseat T = 2 the dual state variable q2(T $ t)
reaches a value of 0 at T $ t = 2, that is at t = 0. We say that a collision has
occurred at time t0 = 0, when T reached T = 2. For an optimal solution valid
beyond T > 2 we now needthe solution to consist of two intervals, where in the
new interval we restrict the slope úq1 to be non-negative.

We perform our Þrst SCLP pivot, by solving the Rates-LP/LP " again, with
new sign restrictions:

úx1 U, úx2, u1, u2 P, p1 Z, úq1, úq2, p2 P.

The solution is:

u1 = 2, úx1 = $ 1, p2 = 1, úq2 = 2, remaining rates are = 0, objective = 4.

For a range of values T > 2 the optimal solution now consistsof two intervals.
The new interval is inserted at the left end of the old interval, which is where
the collision occurred. The solution with these two intervals is optimal for the
range of values 2 < T < 5. It is plotted in the sixth to twelfth drawings in Fig
1. Note how x(0), q(0) are Þxed, the Þrst interval terminates where q1 is zero,
and for increasing time horizon, as the Þrst interval gets longer, the value of x1

at the breakpoint is decreasing.
The next collision occurs when T reaches the value 5 and it is at t1 = 3 .

The primal state variable x1 hits the value of 0, and we need to restrict úx1 to
be non-negative. We perform the second(and last) SCLP pivot, by solving the
Rates-LP/LP " with the new sign restrictions:

úx1, úx2, u1, u2 P, úq1, úq2, p1, p2 P.

The solution is:

u1 = 1, u2 = 1, p1 = 2, p2 = 3, slopesof all x, q are 0, objective = 2.

The solution for T > 5 now consistsof three intervals. The new interval is in-
sertedbetweenthe previous2 intervals, at the point wherethe collision occurred.
A solution with three intervals with the rates we have calculated will remain op-
timal for all 5 < T < & . The Þrst breakpoint is the time when x1 reaches0, at
t = 3. The secondbreakpoint is where q1, moving in reversedtime, reaches0 at
T $ t = 2. The middle interval will stretch with T. This completesthe solution
for all T .

The solution for all T can be summarizedmost succinctly by specifying the
basesof the Rates-LP/LP " which appear. In total, the following primal and dual
basesare involved:

B1 = { úx1, u1} , B "
1 = { úq2, p2} , B2 = { u1, u2} , B "

2 = { p1, p2} ,

B3 = { úx1, u2} , B "
3 = { úq1, p2} .
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The solutions for the various ranges of T are given by the following base-
sequences:

0 < T < 2 : B3

2 < T < 5 : B1, B3

5 < T < & : B1, B2, B3

Note that the successive basesin each sequencedi!er by a single pivot: In the
second sequence,B1 ' B3: u1 leaves, u2 enters, and in the third sequence,
B1 ' B2: úx1 leaves,u2 enters, and B2 ' B3: u1 leaves, úx1 enters.

For all its simplicit y, this example fully illustrates dualit y, the role of se-
quencesof basesas extreme points, the pivot operation, and the parametric
sequenceof pivots. In what follows we will encounter one more phenomenon
which this example does not illustrate: The pivot operation may require the
solution of a subproblem, which is in itself an SCLP (seeexample in Section 6).

3. Theory

3.1. Duality

We formulate a symmetric dual to the SCLP problem (4):

min
! T

0
((#! + (T $ t)a!)p(t) + b!q(t))dt

SCLP" s.t.
! t

0
G!p(s)ds + H !q(t) " " + ct, (5)

F !p(t) " d,

p(t), q(t) " 0, t # [0, T].

where we look for dual controls pk (t), k = 1, . . . , K , and dual states qj (t), j =
J + 1, . . . , J + I , for 0 ! t ! T . We let qj (t), j = 1, . . . , J , and pk , k = K +
1, . . . , K + L denote the non-negative slacks in the inequalities.

Prop osition 1 (W eak Dualit y). The objective value for any feasible solution
of the maximization problemSCLP (4) is lessthan or equal to the objective value
of any feasible solution of the minimization problem SCLP" (5).

Proof. Assumea pair of feasiblesolutions to the primal and the dual problem
and comparetheir objective values:
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Dual objective =
! T

0
(#! + (T $ t)a!)p(t) dt +

! T

0
b!q(t) dt

"
! T

0

# ! T # t

0
u(s)!G!ds + x(T $ t)!F !

$

p(t) dt +
! T

0
u(T $ t)!H !q(t) dt(6)

=
! T

0
u(T $ t)!

%! t

0
G!p(s) ds + H !q(t)

&
dt +

! T

0
x(T $ t)!F !p(t) dt

"
! T

0
u(T $ t)!(" + ct) dt +

! T

0
x(T $ t)!d dt = Primal objective

where the Þrst inequality follows from the primal constraints and from p,q non-
negative, the equality follows by exchange in the order of integration, and the
secondinequality follows from the dual constraints and from u, x nonnegative.
!

Equalit y in the above will hold if and only if:
Complemen tary Slackness Condition

! T

0
x(T $ t)!p(t)dt =

! T

0
u(T $ t)!q(t)dt = 0 (7)

Corollary 1. Consider a pair of feasible primal and dual solutions of SCLP,
SCLP" (4,5). The following are equivalent:

(i) The two solutions are complementary slack as in (7).
(ii) The two solutions are optimal and havethe sameobjective value (no duality

gap).

The following strong dualit y, existenceand uniquenessresults will be proven
by construction as a result of our algorithm.

Theorem 1 (Strong Dualit y). Assume that the feasibility and boundedness
assumption 1 (to be formulated below) holds. Then the SCLP, SCLP" problems
(4,5) possesscomplementary slack optimal primal and dual solutions, with con-
tinuous piecewiselinear x, q, and piecewiseconstant u, p.

In anticipation of this form of the solution, we note that it would be com-
pletely determined by the following Þnite amount of information: (i) The parti-
tion of the time horizon 0 = t0 < t1 < ááá< tN = T, (ii) the boundary values
x(0), q(0), (iii) the piecewiseconstant rates u, úx, p, úq (whereúdenotesderivative)
for each interval of the partition.
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We formulate Boundary-LP and Boundary-LP" to determine x(0), q(0):

max d!x0

Boundary-LP s.t. F x0 ! #,

x0 " 0,

(8)

min b!qN

Boundary-LP" s.t. H !qN " " ,

qN " 0.

To determine the rates u, úx, p, úq we formulate the following Rates-LPÕs.These
di!er from interval to interval in the sign restrictions on the rates. The Rates-LP
and its dual, the Rates-LP" , for setsK ( { 1, . . . , K + L} and J ( { 1, . . . , J + I }
are:

max [c! 0]u + [0 d!] úx

s.t. [G 0]u + [I F ] úx = a,

Rates-LP(K, J ) [H I ]u = b,

úxk is U for k # K, úxk is P for k )# K,

uj is Z for j # J , uj is P for j )# J ,

(9)

min [a! 0]p + [0 b!] úq

s.t. [G! 0]p + [$ I H !] úq = c,

Rates-LP" (K, J ) [F ! $ I ]p = d,

úqj is U for j # J , úqj is P for j )# J ,

pk is Z for k # K, pk is P for k )# K,

The following two assumptionswill be usedfor the majorit y of our results:

Assumption 1 (Feasibilit y and Boundedness) (i) The Boundary-LP/LP "

problems(8) havea solution x0, qN .
Denote K0 = { k : x0

k > 0} , J N = { j : qN
j > 0} .

(ii) The primal Rates-LP(* , J N ) and the dual Rates-LP" (K0, * ) are both feasible.

Corollary 2 (Existence). Assumption 1 is su!cient for SCLP, SCLP" (4,5)
to have solutions for all time horizons 0 < T < & . The optimal values of
x(0), q(0) are the samefor all valuesof T, and are given by the solution x0, qN

of the Boundary-LP/LP " (8).
Part (i) of Assumption 1 and the feasibility of the Rates-LP/LP " (K0, J N ) is

necessary and su!cient for the existence of solutions of (4,5) for T " 0 small
enough.

Part (i) of Assumption 1 and the feasibility of the Rates-LP/LP " (* , * ) is
necessaryfor existence of solutions for all 0 < T < & , but not su!cient.
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Assumption 2 (Non-degeneracy) The column
'

a
b

(
is in general position to

the matrix
'

G F I 0
H 0 0 I

(
(it is not a linear combination of any less than K + I

columns), and the column
'

c
d

(
is in general position to the matrix

'
G! H ! $ I 0
F ! 0 0 $ I

(
.

Theorem 2 (Uniqueness). Assumption 2 implies that SCLP, SCLP" (4,5) are
non-degenerate in the sensethat optimal u(t), x(t), p(t), q(t) for 0 < t < T are
uniquely determined, up to an arbitrary set of valuesof t with Lebesguemeasure
0.

3.2. base-sequences

A basisB of the problem is a set of K + I independent columns of
'

G F I 0
H 0 0 I

(
.

We use B also to denote the set of the corresponding variables úxk , uj # B , or
the set of their indexes.The corresponding complementary dual basisB " , is the

set of J + L independent columns of
'

G! H ! $ I 0
F ! 0 0 $ I

(
(which also denotes the

set of the corresponding variables úqj , pk # B " , or the set of their indexes), such
that the indexesin B , B " partition k # { 1, . . . , K + L} , j # { 1, . . . , J + I } , i.e.
úxk # B + pk )# B " , úqj # B " + uj )# B . It is well known from LP theory that
the complementary dual set of columns is indeed independent (see Vanderbei
[33] 2nd edition, ¤ 6.6).

We considernow a sequenceof basesB1, . . . , BN . Their corresponding com-
plementary dual basesare B "

1 , . . . , B "
N . Let un , úxn , pn , úqn denote the values of

the basic primal and dual solutions of (9) corresponding to the basisBn and its
complementary dual B "

n .
We say that the basis Bn is admissible if un

j , pn
k , j = 1, . . . , J + I , k =

1, . . . , K + L are non-negative.
We say that Bn , Bn +1 are adjacent basesif Bn \ Bn +1 consists of a single

variable vn (and Bn +1 \ Bn consistsof a single variable wn ). In that casewe can
go from Bn to Bn +1 in a singleLP simplex pivot Bn ' Bn +1 in which vn leaves
the basisand wn enters.

Let x0, qN be the solutions of the Boundary-LP/LP , problems, for the given
#, " . Wesay that the basesB1, BN areconsistent with the boundary valuesx0, qN

if x0
k > 0 + úxk # B1 and qN

j > 0 + uj )# BN . Equivalently: B1 - K0, B "
N - J N .

Consider now a sequenceof adjacent bases,B1, . . . , BN , wherev1, . . . , vN # 1

leave the basis as we move from basis to basis, from B1 to BN . We write the
following equations for unknown interval lengths $n , n = 1, . . . , N :

$1 + ááá+ $N = T, (10)

and for n = 1, . . . , N $ 1:

x0
k +

) n
m =1 úxm

k $m = 0, when vn = úxk ,
qN

j +
) N

m = n +1 úqm
j $m = 0, when vn = uj .

(11)
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We also write a set of inequalities:

x0
k +

) n
m =1 úxm

k $m " 0, for úxn
k < 0, and either úxn +1

k > 0 or n = N,
qN

j +
) N

m = n +1 úqm
j $m " 0, for úqn +1

j < 0, and either úqn
j > 0 or n = 0.

(12)

The equations and inequalities (10Ð12)can be put together as:

Breakpoint-Equations

*

+
1. . . 1 0

A 0
B $ I

,

-
'

$
%

(
=

*

+
T
g
h

,

- . (13)

The coe"cien ts of A , B are the appropriate values of the úxn
k , úqn

j , and the co-
e"cien ts of g, h are the appropriate values of $ x0

k , $ qN
j . The components of %

are unknown slacks, giving the values of strict local minima of x and q at the
breakpoints.

Theorem 3 (Structure Theorem). Consider the SCLP, SCLP" problems(4,5),
and assumethe non-degeneracy assumption2. Let x0, qN be the solution of (8).
Let B1, . . . , BN be a sequence of bases,which satisfy:

(i) The basesB1, . . . , BN are admissibleand adjacent.
(ii) B1, BN are consistent with the boundary valuesx0, qN .
(iii) The solution of the Breakpoint-Equations (13) is $ > 0, %> 0.

Let t0 = 0, tn = tn # 1 + $n , n = 1, . . . , N . Let u(t) = un , úx(t) = úxn , p(T $ t) =
pn , úq(T $ t) = úqn , tn # 1 < t < tn , n = 1, . . . , N . Let xn = xn # 1 + úxn $n , n =
1, . . . , N , qn # 1 = qn + úqn $n , n = N, . . . , 1. Let x(t), q(T $ t), for tn # 1 ! t ! tn ,
be linear interpolations between xn # 1, qn # 1 and xn , qn , n = 1, . . . , N .

Then u, x, p,q is an optimal solution for (4) and (5).
Conversely, for almost all T, #, " , i f assumptions1, 2 hold, problems(4,5)

possessan optimal solution given by such a sequence of bases.

Proof. We postpone the proof of the conversepart of the theorem to Section 9,
where it follows by construction from the algorithm.

We prove the direct part. By (iii) $ > 0 and by (10) they add up to T. Hence
0 = t0 < t1 < . . . < tN = T is a partition of [0, T], u, úx, p, úq are well deÞned(at
all but the breakpoints) piecewiseconstant and x, q are well deÞnedcontin uous
piecewiselinear.

By Corollary 1, we need to show that u, x, p,q, with the inclusion of the
slacks, satisfy the constraints of (4,5) as equalities, they are non-negative, and
they are complementary slack as in (7).

The constraints [H I ]u = b,[F ! $ I ]p = d hold for all un , pn . The integrated
primal and dual constraints hold at t = 0 by (8), and hold for all 0 < t < T by
integrating both sidesof the constraints which involve úx, úq in (9) from 0 to t.

SinceB1, . . . , BN are admissible,u, p " 0. Next we show that x, q " 0. Since
they are contin uous piecewiselinear it is enoughto check that this holds at the
breakpoints. Indeed, it is enough to check that it holds at local minima. By
(8), xk (0) = x0

k " 0 and qj (0) = qN
j " 0. The left hand side of (12) equals
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xk (tn ), qj (T $ tn ), and so %> 0 implies that all strict local minima are > 0. We
shall presently show that a form of strict complementary slackness(14) holds.
It follows that at all the local minima of x, q which are not strict minima, the
value of the state variable is 0.

Finally we show complementary slacknessat all but the breakpoints. This is
where we needto usethe non-degeneracyassumption 2, as a result of which the
following strict complementary slacknessholds, for all t except the breakpoints:

xk (t) > 0 . úxk (t) )= 0 . pk (T $ t) = 0, k = 1, . . . , K + L,
qj (T $ t) > 0 . úqj (T $ t) )= 0 . uj (t) = 0, j = 1, . . . , J + I ,

(14)

To prove (14) we show Þrst that for all t except the breakpoints, xk (t) )= 0 +
úxk (t) )= 0. Assume that xk (t) )= 0, where tn < t < tn +1 . If xk (tn ) = 0, then
xk (t) )= 0 implies by the contin uous linearit y of xk that the slope úxk (t) )= 0. If
xk (tn ) )= 0 we proceedby induction on n. For n = 0, xk (0) )= 0 implies x0

k > 0
(see(8)), therefore by (ii) úxk # B1, and hence,by non-degeneracy, úxk (t) )= 0.
For n > 1, if xk (tn ) )= 0 then by contin uit y xk (s) )= 0 for sometn # 1 < s < tn ,
which by the induction hypothesis implies úxk (s) )= 0, hence úxk # Bn . Assume
that úxk )# Bn +1 , then úxk leaves the basis in the pivot Bn ' Bn +1 . But the
corresponding equation (11) for n says in that casethat xk (tn ) = 0, which is a
contradiction. Hence, if xk (tn ) )= 0 then úxk # Bn +1 , and so úxk (t) )= 0 by non-
degeneracy. The proof for q is the same.Note that this proves also that x, q = 0
at local minima which are not strict minima, which is what we required to show
earlier in the proof.

The rest of the proof of (14) is immediate: Assumption 2 implies úxk (t) )= 0 .
pk (T $ t) = 0 and úqj (T $ t) )= 0 . uj (t) = 0 for all but the breakpoints. Finally,
sincewe have already shown that xk (t) " 0, it follows that if úxk (t) )= 0 and t is
betweenbreakpoints then we must have xk (t) > 0. Similarly for q. !

We shall refer to a sequenceof basesB1, . . . , BN which satisÞesthe assump-
tions of Theorem 3 as an optimal base-sequence, and to the constructed u, x, p,q
as its solution.

Someimportant properties of the solutions, which are also usedby the algo-
rithm, follow almost immediately from Theorem 3. In the following Corollaries
3Ð6we assumethat B1, . . . , BN is an optimal base-sequence(so it satisÞesall
the assumptionsof Theorem 3) and we assumethe non-degeneracyassumption
2.

Corollary 3. Let Kn = { k : xn
k > 0} , n = 0, . . . , N $ 1 and J n = { j : qn

j >
0} , n = 1, . . . , N . Then un , úxn , pn , úqn are the optimal primal and dual comple-
mentary slack solutions of the Rates-LP/LP " (Kn # 1, J n ) (9).

Proof. By their construction un , úxn , pn , úqn are the Bn , B "
n primal dual comple-

mentary slack solutions. By (14) they alsosatisfy the sign restrictions embodied
in Kn # 1, J n . With thesesign restrictions Bn , B "

n are complementary slack feasi-
ble primal and dual bases,henceoptimal. !
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Corollary 4. The value of the objective function of the Rates-LP(Kn # 1, J n ),
Vn = c!un + d! úxn is strictly decreasing in n.

Proof. Considerthe basesBn , Bn +1 , which by Corollary 3 are optimal for Rates-
LP(Kn # 1, Jn ) and Rates-LP(Kn , Jn +1 ) respectively. If xk (tn # 1) = 0 and xk (tn ) >
0 let K !

n # 1 = Kn # 1 / k, else let K !
n # 1 = Kn # 1. Similarly, if qj (T $ tn +1 ) = 0

and qj (T $ tn ) > 0 let J !
n +1 = J n +1 / j , else let J !

n +1 = J n +1 . It is imme-
diately seenthat Bn is still optimal for Rates-LP(K!

n # 1, Jn ), and that Bn +1 is
still optimal for Rates-LP(Kn , J !

n +1 ). But K !
n # 1 - Kn , and J !

n +1 - J n . Hence
Rates-LP(Kn , J !

n +1 ) is at least asrestrictiv e as Rates-LP(K!
n # 1, Jn ). By the non-

degeneracyassumption2 both basesare unique optimal solutions. They are also
di!eren t. Hence,Vn > Vn +1 . !

Corollary 5. The solution is unique, up to a set of t of measure 0.

Proof. SinceB1, . . . , BN is an optimal base-sequence,its solution u, x, p,q (with
contin uous piecewiselinear x, q deÞnedfor all 0 < t < T, and with piecewise
constant u, p deÞnedfor all 0 < t < T except the breakpoints) is optimal with
no dualit y gap. Given the solution p,q to the dual problem SCLP" , by Corollary
1 any optimal primal solution ÷u, ÷x has to satisfy the complementary slackness
condition (7) with p,q.

Considerthen valuesof t in the interval tn # 1 < t < tn . If any of uj (t), xk (t) =
0, then by the non-degeneracyassumption the corresponding qj (T $ t), pk (T $
t) )= 0, and hence,by the complementary slacknesscondition (7), for all t in the
interval except for a set of t of measure0, the corresponding ÷uj (t), ÷xk (t) = 0.
Call the points t which are not exceptional, regular points. Note Þrst that for all
t in the interval,

" t
t n ! 1

÷uj (s)ds = 0 whenever uj )# Bn . Also, for regular t, only
j , k for which uj , úxk # Bn can have ÷uj (t), ÷xk (t) )= 0, so only K + I of the ÷uj , ÷xk

are non-zero.But under such restrictions, the equations:

G
! t

t n ! 1

u(s)ds + [F I ]x(t) = # + at $ G
! t n ! 1

0
u(s)ds,

[H I ]
! t

t n ! 1

u(s)ds = b(t $ tn # 1),

have a unique solution, so for all regular t:
! t

t n ! 1

÷u(s)ds =
! t

t n ! 1

u(s)ds, ÷x(t) = x(t).

In fact, by absolute contin uit y,
! t

t n ! 1

÷u(s)ds =
! t

t n ! 1

u(s)ds (15)

holds for all t, and therefore ÷u(t) = u(t) for almost all t. This proves that u, x
are unique for almost all t.

The uniquenessof p,q for almost all t is analogous. !
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Note that we can choose arbitrary values for u, p on an arbitrary set of t of
measure 0, without a!ecting (15). Also, on an arbitrary set of measure 0 of
t # (tn # 1, tn ] we can replace the non-zero values of x(t) given by the basic
columns of Bn by any solution ÷x(t) of:

[I F ]÷x(t) = # + at $ G
! t

0
u(s)ds, ÷x(t) " 0

Hencethe solution is indeedonly determined for almost all t. Of course,u, x, p,q
is the unique solution with contin uous piecewiselinear x, q and piecewisecon-
stant u, p.

Corollary 6. The matrix
'

1 . . . 1
A

(
is invertible.

Proof. Assumeto the contrary that it is not. Sincethe equations
'

1 . . . 1
A

(
$ =

'
T
g

(

have a solution $ > 0, this solution is not unique. Let $1 be a di!eren t solution.
Then $! = (1 $ #)$ + #$1 is also a solution, and for # small enough this new
solution is > 0. Furthermore, the valuesof the slacks %! corresponding to $! will
also be > 0 if # is small enough. Given the new values $!, we can get a new
set of breakpoints, 0 = t!

0 < . . . < t!
N = T, and a solution u!, x!, p!, q! of (4,5).

But this solution di!ers from the original solution u, x, p,q on someintervals (in
particular on the parts of the intervals (tn # 1, tn ) and (t !

n # 1, t !
n ) which do not

overlap), which contradicts the uniquenessCorollary 5. !

The following result embodies the dynamic programming principle:

Corollary 7. Let t ! , t !! be such that 0 ! t ! < t !! ! T . DeÞne: ÷T = t!! $ t ! ,
÷x0 = x(t !), ÷qN = q(T $ t!! ), ÷# = [I F ]÷x0, ÷" = [$ I H !]÷qN . DeÞne ÷u(t) =
u(t ! + t), ÷x(t) = x(t ! + t) and ÷p(t) = p(T $ t!! + t), ÷q(t) = q(T $ t!! + t), 0 < t < ÷T.
Let n!, n!! be such that tn " # 1 ! t ! < tn " , tn "" # 1 < t!! ! tn "" . Then ÷u, ÷x, ÷p, ÷q is the
optimal solution for SCLP, SCLP" (4,5) with time horizon ÷T and boundary
parameters ÷#, ÷" . The optimal base-sequence for this solution is Bn " , . . . , Bn "" .

Proof. Assume Þrst that t ! , t !! do not coincide with any of the breakpoints
t0, . . . , tN . We check Þrst that ÷x0, ÷qN solve the Boundary-LP, LP" (8). By con-
struction ÷x0, ÷qN are feasible.By (14), the corresponding valuesof u, p are com-
plementary slack feasible solutions to the duals of the two Boundary-LP, LP"

problems, hence ÷x0, ÷qN are indeed optimal. Next it is straightforward to check
that the new solution satisÞesall the conditions of Theorem 3 for the new values
of ÷T ÷#, ÷" . Finally, the Theorem holds for t ! , t !! at the breakpoints by contin uit y.
!

Our Þnal corollary is not used in the sequel
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Corollary 8. An optimal base-sequence corresponds to an extreme point of the
feasible region

Proof. Our problem optimizes a linear functional over a convex set, therefore if
an optimum exists there is an optimum at an extreme point. Since an optimal
base-sequence,under the assumptions of Theorem 3, is unique, it must be an
extreme point.

Note: Theorem 3 and Corollaries 3, 4, 5, 7, 8, contin ue to hold also if we
have $, %" 0 in condition (iii) of Theorem 3.

3.3. Validity Regions

The data of our SCLP, SCLP" problems (4,5) can be classiÞedas follows:

(i) G, H , F deÞnethe model, and are the system parameters, which we shall
keepÞxed throughout.

(ii) a, b,c,d comprise the objective and right hand side of the Rates-LP/LP "

(9), and we refer to them as the exogenousrates. Perturbation of thesewill
resolve degeneraciesand avoid multiple collisions.

(iii) #, " comprise the objective and right hand side of the Boundary-LP/LP "

(8), and we refer to them as the boundary parameters.
(iv) T is the time horizon.

We will consider the SCLP/SCLP " problem with Þxed G, H , F, a, b,c,d, for
varying values of #, " , T. The next proposition shows that we can replace #, "
by x0, qN .

Prop osition 2. Assume the non-degeneracy assumption 2. Then the boundary
parameters #, " uniquely determine the boundary values x0, qN . Conversely, if
x0, qN are a set of non-negative boundary valuesand B1, BN are admissibleand
consistent with them, then they uniquely determine boundary parameters #, " ,
so that x0, qN solve(8).

Proof. Assume we are given #, " . Consider the Boundary-LP problem (8) and
its dual:

max d!x0

s.t. F x0 ! #, x0 " 0,

(16)

min #!p

s.t. F !p " d, p " 0.

By assumption 2, d is in general position to [F ! $ I ], hence the dual to the
Boundary-LP is non-degenerate,and hencethe solution of the Boundary-LP, x0

is unique. Similarly, qN is unique.
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Conversely assumewe are given x0 and qN . Then # = [I F ]x0 and " =
[$ I H !]qN are uniquely determined. Furthermore, if B1 is admissible and con-
sistent with x0, then the dual values p1 of the dual basic solution B "

1 are " 0
and complementary slack with x0. Clearly x0 and p1 are feasiblefor (16). Hence
they are optimal. Thus # = [I F ]x0 is determined by x0, and x0 is optimal for
the Boundary-LP with that #. Similarly, qN is optimal for the Boundary-LP" ,
with " = [$ I H !]qN . !

DeÞnition 1. Let B1, . . . , BN be a sequence of admissible adjacent bases.Let
T be the set of (T, x0, qN ) for which all the conditions of Theorem 3 hold so that
B1, . . . , BN is an optimal base-sequence. Then T is called the validity region of
B1, . . . , BN .

Theorem 4. The validity region T of a base-sequence B1, . . . , BN is a convex
polyhedral cone.

Proof. We assumethat B1, . . . , BN is an optimal base-sequencefor at least one
(T, x0, qN ), with $, %> 0.

By condition (i) of Theorem 3 all the basesin the sequenceare admissible
and adjacent.

The base-sequenceB1, . . . , BN (for the Þxedvaluesof G, H , F, a, b,c,d) fully
determines (irrespective of the values of T, x0, qN ) all the coe"cien ts of the

matrix

*

+
1. . . 1 0

A 0
B $ I

,

- .

The base-sequenceB1, . . . , BN also fully determines a matrix E such that

the right hand side of (13) is

*

+
T
g
h

,

- = E

*

+
T
x0

qN

,

- .

[ E is deÞned as follows: E has as many rows as

*

+
1. . . 1 0

A 0
B $ I

,

- , and has

1+ I + J + K + L columns. Each row of E consistsof 0Õsand a single ± 1 entry
(we useei to denote the i th unit vector). The Þrst row is e1. For the next N $ 1
rows, if úxk (uj ) leaves the basis in the pivot Bn ' Bn +1 then the 1 + n row
is $ e1+ k ($ e1+ K + L + j ). For the last M rows, if the slack %m is a strict local
minimum of xk (qj ) at sometime tn (T $ tn ), then the 1+ N + m row is $ e1+ k

($ e1+ K + L + j ) ].

By Corollary 6,
'

1 . . . 1
A

(
is invertible, and henceso is

*

+
1. . . 1 0

A 0
B $ I

,

- .

In order that B1, . . . , BN should be an optimal base-sequencefor (T, x0, qN )
it remains to verify conditions (ii), (iii) of Theorem 3.

Condition (ii) holds if and only if

x0
k = 0 for all k such that úxk )# B1,

qN
j = 0 for all j such that úqj )# B "

N (or uj # BN ). (17)
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Condition (iii) holds if and only if

'
$
%

(
=

*

+
1. . . 1 0

A 0
B $ I

,

-

# 1

E

*

+
T
x0

qN

,

- > 0. (18)

Thesetwo setsof constraints (17), (18) determine the convex polyhedral cone
T . !

An immediate consequenceof the convexity is:

Corollary 9. If B1, . . . , BN is the optimal base-sequence for T1, x0
1, qN

1 and for
T2, x0

2, qN
2 then it is the optimal base-sequence for (1$ &)(T1, x0

1, qN
1 )+ &(T2, x0

2, qN
2 ),

for all 0 < &< 1.

We shall also make useof the following:

Theorem 5. Let ' (&) = (T(&), x0(&), qN (&)) = (T, x0, qN ) + &(( T, ( x0, ( qN ) be
a straight line of boundary values. As & changes,within the validity region of a
single base-sequence, each of the interval lengthsand slacks$n , %m , and each of
the xk (tn ), qj (T(&) $ tn ) are a!ne functions of &.

Proof. We have that ' (&) is an a"ne function of &. The valuesof $, %by equation
(18) are a"ne functions of ' (&), and henceof &. Finally,

xk (tn ) = x0
k +

n.

m =1

úxm
k $m ,

qj (T(&) $ tn ) = qN
j +

N.

m = n +1

úqm
j $m , (19)

where the coe"cien ts úxm
k , úqm

j are Þxed for all & in the validit y region. Since
x0

k , qN
j and $m are all a"ne functions of &, so are xk (tn ), qj (T(&) $ tn ). !

DeÞnition 2. Two base-sequences whosevalidity regions have boundaries with
an intersection that includes more than the origin are called neighboring base-
sequences.

3.4. Collisions and Pivots

We now regard for given G, H , F, a, b,c,d the whole family of problems param-
eterizedby the boundary valuevectorsT, x0, qN . The positiveconeR1+ I + J + K + L

+
contains a convex polyhedral coneC of boundary valuevectorsfor which SCLP/SCLP "

are feasible,and this is tiled by the convex polyhedral conesof the validit y re-
gions of the various optimal base-sequences.

DeÞnition 3. Let u, x, p,q be an optimal solution. We say that xk hits 0 at time
0 < t ! T if x(t# ) > 0, and x(t) = 0. We say that qj hits 0 at time 0 ! t < T if
qj ((T $ t)# ) > 0, and qj (T $ t) = 0.
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Consider an optimal base-sequenceB1, . . . , BN , with validit y region T with
a non empty interior, where $, % > 0. This means that all N intervals have
positive lengths, and all M strict local minima of the statesare positive. At each
of the N $ 1 breakpoints t1, . . . , tN # 1 there is a single state variable (primal or
dual) which hits zero. Conversely, if an optimal solution consistsof N positive
intervals and it has exactly N $ 1 variables that hit zero, then this solution (to
be exact, its boundary values) is in the interior of the validit y region. This is
becauseall the intervals $n and all strict local minima %m are positive.

Let T, x0, qN be a point on the boundary of T . If we take T, x0, qN in the
interior of the convex cone T , and let T, x0, qN ' T, x0, qN , then someof the
$, %will shrink to 0.

DeÞnition 4. Let B1, . . . , BN be an optimal base-sequence with validity region
T with a non empty interior. Let T, x0, qN be a point on the boundary of T .
We say that at this boundary point a collision occurred at tn if the solution at
T, x0, qN has more than one variable that hits zero at tn .

The collision is single if the number of variableshitting zero at di"er ent times
t is equal to the number of positive length intervals. Otherwise it is a multiple
collision.

A single collision is simple if as T, x0, qN ' T, x0, qN from the interior of
T , either a strict local minimum shrinks to zero, or a single interval shrinks to
zero (not both, which would be a multiple collision). A single collision in which
more than one interval shrinks to zero is a compound single collision.

As we shall see,a single collision is on the joint boundary of validit y regions
of exactly two neighboring base-sequences,or on the boundary of C. A multiple
collision may be on the boundary of more than two validit y regions.

Consider now an optimal base-sequenceB1, . . . , BN , with validit y region T
with a non empty interior. The operation by which we construct an optimal
base-sequencewhich is neighboring to B1, . . . , BN , with T, x0, qN on the joint
boundary is called an SCLP pivot. If the collision at T, x0, qN is single then the
pivot operation is unique.

The pivot operation will besimplest whenT, x0, qN is on the boundary of two
validit y regions,T1, T2, and when T, x0, qN approachesT, x0, qN from within T1

as well as from within T2, both collisions are simple collisions. In the exampleof
Section2 this was the case.In Sections4, 5 we formulate and verify a simpliÞed
algorithm to solve SCLP, which works if all collisions are simple.

When the collisions are single but compound then it may be necessaryto
solve a subproblem to perform the pivot operation. We present an example of
this in Section6 and in Sections7, 8 we present and verify the algorithm for this
more generalcase.Multiple collisionscan be avoided by perturbation of a, b,c,d,
as we explain in Section 9.

3.5. Parametric sequence of steps

Our algorithm will solve SCLP/SCLP " by a sequenceof SCLP pivot stepsanal-
ogousto the parametric self dual simplex method for standard LP (which starts



A Simplex Based Algorithm to Solve Separated Continuous Linear Programs!! 21

o! with an objective and right hand side vector for which an optimal basis is
known, and useshomotopy to move in a Þnite number of LP pivots to the op-
timal solution for the desiredobjective and right hand side vectors, seeDantzig
[11] and Vanderbei [33] for details). We start from a boundary value vector
(Tstar t , x0

star t , qN
star t ), which is in the interior of the validit y region of a known

optimal base-sequence.We then move in a Þnite number of SCLP pivots, to the
optimal base-sequencefor the boundary value vector (Tgoal , x0

goal , qN
goal ). We let

' (&), &star t ! & ! &goal be the straight line segment in R1+ I + J + K + L connecting
the start and the goal boundary vectors. We initialize the solution at &star t and
let &increase.We terminate at &goal . As &increasesthe line ' (&) crossesfrom one
validit y region to another. In a single iteration we move from parameter value
& at which the line segment enters a validit y region, to a parameter value & at
which the line segment leaves that validit y region and enters the next neighbor-
ing validit y region. The iteration then consistsof two parts: (i) we calculate &
and ' (&), and (ii) we perform an SCLP pivot to the optimal base-sequencefor
' (&

+
). As we shall see,the total number of iterations is bounded by 22I + J + K + L

.
The homotopy here is as follows: At each step of the algorithm we have an

extreme point of the primal feasible region of SCLP and an extreme point of
the dual feasible region of SCLP" , and those are complementary slack. By the
non-degeneracythey are unique optimal solutions for all & in the interior of the
validit y region. Changing &we deform the feasibleregionsof SCLP and SCLP" ,
by changing the length of the time horizon T and by changing the initial values
of x(0), q(0). The boundary of the validit y region is reached as & 0 &, when
a constraint (of the primal or the dual) which was not binding in the interior
becomestight on the boundary. At the sametime the solution (of the dual or
the primal) becomesdegenerate,and is no longer unique. A neighboring extreme
point given by a di!eren t optimal base-sequenceis alsooptimal at this boundary
point. The SCLP pivot operation then takesusto the newoptimal base-sequence.
The homotopy contin uesfor &> & with the new neighboring base-sequence.

All the pivots will be uniquely deÞnedif all the boundary points of validit y
regionswhich the line segment ' (&) crossesare single collisions. We will assume
that this is the casethroughout Sections4Ð8,but will dispensewith it Þnally in
Section 9.

4. Algorithm - a simpliÞed version

In this sectionwe describe the algorithm to solve SCLP and SCLP" (4, 5), for all
0 < T < & , under the simplifying assumption that all the collisions are single
and simple.

¥ Input
Problem data consistsof G, H , F, a, b, c, d, #, " , Tgoal
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¥ Output
Solution for time horizon Tgoal : Optimal base-sequence,breakpoint times, rates
u, úx, p, úq in each interval, states x(t), q(Tgoal $ t) at each breakpoint.

¥ Initialization
Set N = 1.
Obtain x0, qN , from Boundary-LP/LP " (8).
Set K0 = { k : x0

k > 0} , J N = { j : qN
j > 0} .

Solve Rates-LP/LP " (K0, J N ) (9), to obtain the basisB1,
Set T = 0
Optimal base-sequenceis B1.

¥ Iteration

Given current optimal base-sequenceB1, . . . , BN which is optimal with unique
optimal solution possessing$, %> 0, for boundary values(T, x0, qN ) where T >
T is small enough,perform the following steps:

¥ Find right endpoint of validity range
Obtain un , úxn , pn , úqn , n = 1, . . . , N , for the current optimal base-sequence.
Obtain the coe"cien ts of A, B , g, h for the Breakpoint-Equations (13).
Solve (13) with right hand side (T, g, h)! to obtain ($, %).
Solve (13) with right hand side (1, 0, 0)!, to obtain (( $, ( %).
Find 1/ ) = max{ 0, # " #n

#n
, # " $m

$m
for all n, m} .

Right endpoint of validit y range is T = T + ) .

¥ Termination test and conclusion
If T < Tgoal ! T terminate:
B1, . . . , BN is the optimal base-sequence,with ratesun , úxn , pn , úqn , n = 1, . . . , N .
Solve Breakpoint-Equations (13), with right hand side (Tgoal , g, h) to obtain $.
Obtain the breakpoints 0 = t0 < ááá< tN = Tgoal

Calculate the valuesx(tn ), q(Tgoal $ tn ), n = 0, . . . , N .

¥ Classify collision as T 0 T
Type-I: $n shrinks to 0, where n = 1 or n = N , or where 1 < n < N and

|Bn # 1\ Bn +1 | = 1.
Type-II: $n shrinks to 0, where 1 < n < N , and |Bn # 1\ Bn +1 | = 2.

Let B ! = Bn # 1, B !! = Bn +1 . Let v! = Bn # 1\ Bn and v!! = Bn \ Bn +1 .
Type-II I: %m which is a local minimum at time tn shrinks to zero, where 0 <

n < N .
Let B ! = Bn , B !! = Bn +1 . Let v = Bn \ Bn +1 . If %m = xk (tn ) let v! = v,
v!! = úxk , if %m = qj (T $ tn ) let v! = uj , v!! = v.

Type-II Ia : %m = qj (T) which is a local minimum at time t0 = 0 shrinks to zero.
Let B !! = B1 and let v! = uj .

Type-II Ib: %m = xk (T) which is a local minimum at time tN = T shrinks to
zero. Let B ! = BN and let v!! = úxk .
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¥ Formulate and solvenew Rates-LP/LP "

For Types I I, I I I and I I Ib let K = { k : úxk # B !\ v!! } .
For Type-II Ia let K = K0,
For Types I I, I I I and I I Ia let J = { j : uj )# B !! / v!} ,
For Type-II Ib let J = J N ,
Solve Rates-LP/LP " (K, J ) to obtain the new basisD .

¥ Update optimal base-sequence
For Type-I remove the basisBn .
For Type-II replacebasisBn by basisD .
For Type-II I insert basis D before B1 if n = 0 (T ype-II Ia), between bases
Bn , Bn +1 if 0 < n < N , or after BN if n = N (T ype-II Ib).

¥ Set T := T and go to the next iteration

5. VeriÞcation of the simpliÞed algorithm

In this section we verify the simpliÞed algorithm of Section 4, by proving:

Theorem 6. Assume that Assumptions 1, 2 hold. Assume in addition the fol-
lowing two simplifying assumptions at each iteration: (a) The collision is of
Type-I, Type-II with a single interval shrinking to zero, or Type-III,III a ,III b. (b)
the inserted basis D is adjacent to B !, B !! (to B !! for Type-III a , to B ! for Type-
III b). Then the algorithm wil l compute the unique solution of SCLP/SCLP " in
a Þnite number of iterations, bounded by 22I + J + K + L

.

The proof is broken down to several parts. In Section 5.1 we verify that the
algorithm as described can be initialized, and that each of the generaliterations
can be carried out with well deÞnedunique results: Assuming we start from
an optimal solution for T > T, we verify calculation of the upper boundary T,
the classiÞcationof collisions, and the formulation and solution of the new rates
LP. In Section 5.2 we discussthe pivot operation and illustrate what it does.
In Section 5.3 we prove the main result Ñ that the new sequence,constructed
by the pivot, is optimal for T > T. Finally, we show in Section 5.4 that the
algorithm terminates in a Þnite number of iterations.

5.1. VeriÞcation the iteration steps

The following propositions show that the initialization of the algorithm can be
carried out, and that all the stepsof each iteration can be carried out.

Prop osition 3. The initialization step can be carried out and yields unique
values of x0, qN , B1, and B1 is the optimal base-sequence for boundary values
(T, x0, qN ) when T > 0 is small enough.
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Proof. The Boundary-LP/LP " problems (8) have a solution x0, qN by Assump-
tion 1. The solution is unique by Proposition 2. The Rates-LP(K0, J N ) is less
restrictiv e than Rates-LP(* , J N ), henceit is feasibleby Assumption 1. Similarly,
Rates-LP" (K0, J N ) is lessrestrictiv e than Rates-LP" (K0, * ), henceit is feasible
by Assumption 1. Therefore Rates-LP/LP " (K0, J N ) have an optimal solution.
By Assumption 2 this solution is unique, and deÞnesthe unique basisB1. Clearly
B1 is admissibleand consistent with the boundary values.The equation for in-
terval lengths is $1 = T > 0. If úxk < 0, then x0

k > 0 (by (14)), and for small
enough T, xk (T) = x0

k + T úx1
k > 0, similarly for qj (T). Hence for T > 0 small

enough,all %m > 0. Thus the solution is optimal by Theorem 3. !

Prop osition 4. The calculation of the right endpoint T and the termination can
be carried out.

Proof. By assumptionat the start of the iteration the base-sequenceB1, . . . , BN

is optimal with unique optimal solution for boundary values (T, x0, qN ) when

T > T and T is small enough.By Corollary 6, the matrix
'

1 . . . 1
A

(
is invertible,

and sothe valuesof $, ( $ arewell deÞnedand unique, and $+ )( $ > 0, %+ )( %>
0 for ) > 0 small enough. By Theorem 3 B1, . . . , BN is optimal for all these
T + ) . If any of ( $n , ( %m are < 0 then ) will be Þnite. Else we get ) = & .
Clearly, if T < Tgoal < T then we can now obtain the optimal solution for Tgoal .
!

By the simplifying assumption (a), the collision at T is of one of the types
listed in the classiÞcationstep.For TypesI I, I I I, I I Ia,b the corresponding v!, v!! , B !, B !! ,
are all well deÞned,and so are then K, J .

Prop osition 5. The Rates-LP/LP " (K, J ) has a unique optimal solution.

Proof. We use an argument similar to the proof of Corollary 4. Consider col-
lisions of Type-II and of Type-II I,I I Ia with collision time tn < T. Then the
Rates-LP(K, J ) is less restrictiv e than the Rates-LP which is solved by B !! .
HenceRates-LP(K, J ) is feasible.Similarly, for collisionsof Type-II and of Type-
I I I,I I Ib with collision time tn > 0, the Rates-LP" (K, J ) is lessrestrictiv e than the
dual Rates-LP" which is solved by B !" and henceRates-LP" (K, J ) is feasible.

This leaves the caseof collisions of Type-II Ia ,I I Ib, which are at t = 0 or
t = T. In the former casethe Rates-LP" (K, J ) has K = K0, in the latter case
the Rates-LP(K, J ) has J = J N , and theseare feasibleby Assumption 1.

Since Rates-LP/LP " (K, J ) are feasible, they possessan optimal solution,
which is unique by Assumption 2. !

5.2. Discussion of the simpliÞed pivot operation

The pivot operation replacesthe optimal base-sequenceB1, . . . , BN of T < T <
T by a new optimal base-sequencefor T > T. In Figures 2, 3 we illustrate the
pivot operation by showing the collision sectionof the solution and the variables
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Fig. 2. A simple collision of Type-II, with simple pivot

that hit zero, at three time horizons: before the collision, at the collision, and
after the collision.

Figure 2 illustrates the pivot for a Type-II collision. For T < T, in the left
drawing, x! hits zero at tn # 1 and q!! hits zero at tn , i.e. úx! leaves the basis in
B ! ' C, and u!! leaves the basis in C ' B !! . At the collision, in the center
drawing, the interval of basisC hasshrunk to zero,and B !\ B !! = { úx!, u!! } . After
the collision, in the right drawing, a new interval with basisD appearsbetween
B !, B !! , and the úx!, u!! exchangeorder with B !\ D = u!! and D\ B !! = úx!, so that
in the new solution, for T > T, q!! hits zero at tn # 1 and x! hits zero at tn .
If we should animate the movement of this section of the solution as T 0 we
would seehow the zeroesof x!(t) and q!! (t) approach, meet, and part in opposite
direction. The picture for { v!, v!! } = { úx!, úx!! } for { v!, v!! } = { u!, u!! } and for
{ v!, v!! } = { u!, úx!! } is similar.
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Fig. 3. Simple collisions, Types-I/III, with simple pivot

Figure 3 illustrates the pivot for Type-I and Type-II I. In the left drawing
x! hits zero at tn # 1 and q!! hits zero at tn , as before. However, in C ' B !! the
variable that enters the basis is again x!, so that x!(t) = 0 for tn # 1 < t < tn ,
but x!(t) > 0 outside this interval. Hence,at the collision, in the center drawing,
we have B !\ B !! = u!! , and x! has a strict local minimum of zero at the collision
time. The base-sequenceon the other side of the collision, in the right drawing,
does not have the basis C, instead B ! is followed by the adjacent B !! directly.
While q!! still hits zero at t = tn = tn # 1, the state variable x! now does not
hit zero, instead it has a strict local minimum of x!(t) = %m > 0 at the time
t = tn # 1 = tn . This illustrates both Types I and I I I: If we considerthe casewhen
the left drawing is for T < T, and the right drawing is for T > T then we have
Type-I. If we consider the casewhen the right drawing is for T < T, and the
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left drawing is for T > T then we have Type-II I. The picture for q!(T $ t) = 0
in the interval tn # 1 < t < tn , and q!(T $ t) > 0 outside the interval is similar.

5.3. Optimality of the new base-sequence

Prop osition 6. The newbase-sequence is optimal for boundary values(T, x0, qN ),
for small enoughT > T, and the solution has $, %> 0.

Proof. Clearly the new base-sequenceconsistsof admissible bases(i.e pn , un "
0). By the simplifying assumption (b), D is adjacent to B !, B !! , so the new base-
sequencehas adjacent bases.For Type-II Ia ,I I Ib, when D is the Þrst or the last
basis in the new sequence,then by its construction it is consistent with the
boundary.

By the structure Theorem 3 all we need to still show is that the solution
to the new Breakpoint-Equations (13), formed from the new base-sequence,are
$, %> 0 for boundaries(T + ), x0, qN ), when ) > 0 is small enough.

Consider how the Breakpoint-Equations (13) are changed by the pivot, by
comparing the equations for the old and the new base-sequence.In fact all that

happens is that one column d, of coe"cien ts in the matrix

*

+
1. . . 1 0

A 0
B $ I

,

- is re-

placed by another column ÷d, with possiblerenaming of the unknown belonging
to that column.

For Type-I collision, the unknown $n is replacedby a new %m and the column
d of the coe"cien ts of $n is replacedby ÷d which is a negative unit vector.

For Type-II collision, the column d of coe"cien ts of $n , which is composed
of valuesof various úxn , úqn of the basisBn , is replacedby column ÷d composedof
valuesof various úx, úq from the new basisD .

For Type-II I,I I Ia,b collision, the negative unit vector d which is the column
of coe"cien ts of %m is replacedby a column ÷d of coe"cien ts of the new unknown
interval length $n , composedof valuesof various úx, úq from the new basisD .

The right hand sides(T, g, h) and (1, 0, 0) remain unchanged.
We rewrite the old and new equations,after somerearrangement of rows and

columns, in the form:

[D d]

*

+
$
%
*

,

- =

*

+
T
g
h

,

- + )

*

+
1
0
0

,

-
/
D ÷d

0
*

+
$
%
÷*

,

- =

*

+
T
g
h

,

- + )

*

+
1
0
0

,

-

where d, ÷d are the original and replacing columns, *, ÷* are the old colliding un-
known and the new unknown replacing it, and $, %, D contains the remaining
unknowns and coe"cien ts.

For ) = 0 both setsof equationshave the samesolution in which * = ÷* = 0,
while all the other unknowns are > 0. Denote this solution by $a, %a. From
the valuesof $a we can construct the unique solution of SCLP/SCLP " for time
horizon T.
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By corollary 6 the old matrix of coe"cien ts is invertible. We Þrst show that
the new matrix of coe"cien ts is also invertible. Assumeto the contrary that it
is not, in which casewe can obtain a non zero solution to

/
D ÷d

0
*

+
$
%
÷*

,

- = 0

which we denote by $b, %b, ÷*b where ÷*b )= 0. But then for small enough ) of
appropriate sign we will have that: ($a, %a, 0) + ) ($b, %b, ÷*b) > 0 also solvesthe
Breakpoint-Equations (13) at T, and provides a new and di!eren t solution. This

contradicts the uniqueness,and therefore we must have
/
D ÷d

0
invertible.

Consider now the unique solution of the new equations, $, %, ÷*, for ) > 0.
We claim that the solution must have ÷* > 0. Assumeto the contrary that it is
! 0. Then we could solve the equationsfor ) < 0 and obtain $ > 0, %> 0, ÷* " 0
for a range of time horizons T $ ) < T < T. But this would deÞneoptimal
solutions for SCLP/SCLP " which aredi!eren t from the old solution, which again
contradicts the uniqueness.

Hencefor ) > 0 small enough we will have $ > 0, %> 0, ÷* > 0, and a new
base-sequencewhich is optimal for T > T small enough. !

5.4. Bounding the number of iterations

We have shown that we can carry out the iterations, and that each iteration
producesa new optimal base-sequencewhich is optimal for an additional range
of time horizons. To complete the proof of Theorem 6 we needto show that the
processmust terminate.

Prop osition 7. The total number of iterations is bounded by 22I + J + K + L
.

Proof. At each iteration we have an optimal basessequencevalid for T < T < T.
By corollary 9 the same base-sequencecannot be valid for any other disjoint
range. In other words, none of the optimal base-sequencesproduced by the iter-
ations is ever repeated.We now count how many such base-sequencesmay exist.
The number of basesfor the Rates LP is Þnite, it is determined by choosing
K + I basic columns out of K + I + J + L columns of the coe"cien ts matrix.
Thus it is bounded by

1I + J + K + L
K + I

2
which is bounded by 2I + J + K + L . By corol-

lary 4 the basesin each base-sequenceare ordered by their strictly decreasing
objective values.Henceif we arrangeall the (feasible) basesin decreasingorder,
each base-sequencewill be a subset of them ordered in the sameway. But the
number of all subsetsis 2number of bases. Hencethe total number of possibleopti-
mal base-sequencesis boundedby 22I + J + K + L

, and so is the number of iterations.
!
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6. Comp ound collisions and subproblems

The simpliÞed algorithm assumes:(a) that all collisions are simple (b) that the
solution to the Rates-LP is a basis D which is adjacent to both B ! and B !! .
These assumptionsfail to hold in many problems, and when that happens the
simpliÞed algorithm will not work even if the problem is perturb ed. In this
section we present an example in which the assumptionsfail (Section 6.1). We
then considerthe solution of the sameproblem along a di!eren t parametric line
(Section 6.2). This motivatesour formulation of a subproblem,which enablesus
to perform a pivot when (a), (b) are violated (Section 6.3).

We consider the problem:

max
! T

0

3 4
" 1 + (T $ t)8.5, (T $ t)140, (T $ t)56

5
*

+
u1(t)
u2(t)
u3(t)

,

- + 6.3x5(t)
6

dt (20)

s.t.

" t
0

*

7
7
+

0 86 37
32 0 0
0 2350 0
0 0 4

,

8
8
-

*

+
u1(s)
u2(s)
u3(s)

,

- ds +

*

7
7
+

x1(t)
x2(t)
x3(t)
x4(t)

,

8
8
- +

*

7
7
+

2.3
31
86

0.29

,

8
8
- x5(t) =

*

7
7
+

#1 + 5.8t
47t

182t
0.9t

,

8
8
-

4
28 515320

5
*

+
u1(t)
u2(t)
u3(t)

,

- + u4(t) = 54

x, u " 0.

The corresponding dual problem has dual state variables q1, q2, q3, q4, and
dual controls p1, p2, p3, p4, p5.

There are three parameters which we will vary: T, #1, " 1. Examination of
the Boundary-LP/LP " (8) shows that x0

1 = x1(0) = #1, qN
1 = q1(0) = $ " 1,

with the remaining xi (0) and qj (0) equal to 0. We will usethe boundary values
T, x0

1, qN
1 as parameters for the problem.

6.1. Compound collisions and non-adjacent D .

We consider the problem (20) for the boundary values1 x0
1 = #1 = 3, qN

1 =
$ " 2 = 4.5, and for varying values of T. The solutions for time horizons T =
1, 1.5, 2 are displayed in Figure 4, where we plot the primal and dual states,
xi (t), qj (T $ t), i , j = 1, . . . , 4; x5(t) has a positive slope in all intervals, it never
hits zero, and is not plotted.

The optimal solution for T = 1 (top drawing in Figure 4) consistsof 5 inter-
vals, with the optimal base-sequenceB !, C, C1, C2, B !! . Table 1 lists the slopes
of the primal and dual state variables for each of these bases.The breakpoints
occur at the times 0 < 0.33 < 0.71 < 0.75 < 0.80 < 1. The basesare adja-
cent with pivots: u1 ' úx2, u2 ' u4, úx1 ' úx4, úx2 ' u2 (q1, q2, x1, x2 hit zero at
t1, t2, t3, t4 respectively). The samebase-sequenceis optimal for all time horizons
in the range 0.82 < T < 1.5.

1 for better readability we slightly round off some of the numbers, e.g the actual values here
are 3.09, 4.47.
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Fig. 4. Optimal solution of the example for three time horizons.

At the time horizon T = 1.5 there is a collision. The solution at T = 1.5
(middle drawing in Figure 4) consistsof only two intervals, with optimal base-
sequenceB !, B !! and breakpoints 0 < 0.75 < 1.5. B !\ B !! = (u1, úx1) so this is a
single collision, in which x1(t), q1(T $ t) both hit zero at t1.

The solution for T = 2 again consists of 5 intervals, with optimal base-
sequenceB !, D1, D , D2, B !! (seeTable 1), with breakpoints at 0 < 0.71 < 1.12 <
1.25 < 1.37 < 2. The pivots along the sequenceare u3 ' úx4, úx1 ' úx3, u1 '
u4, úx3 ' u3 (q3, x1, q1, x3 hit zero at t1, t2, t3, t4 respectively). The samebase-
sequenceis optimal for all time horizons in the range 1.5 < T < 4.62.

Clearly, assumptions(a) and (b) are violated here: (a) The collision as T 0
1.5 while still a single collision, is not simple, rather it is compound with 3
intervals shrinking to 0 simultaneously. (b) When the LP formulated from B !, B !!
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Table 1. Slopes of the primal and dual states, for various intervals

ẋ1 ẋ2 ẋ3 ẋ4 ẋ5 q̇1 q̇2 q̇3 q̇4

B′ -4.13 0 0 0 1.43 0 0 0 0.16
C -4.33 4.32 0 0 1.38 -6.58 0 0 0.07
C1 -1.72 -18.6 0 0 2.12 -8.50 -78.8 0 0
C2 0 -18.6 0 0.19 2.12 -8.50 67.2 0 0
B′′ 0 0 0 0.41 1.52 -5.96 0 0 0

D1 -0.36 0 0 0.73 0.59 0 0 -6.87 0.15
D 0 0 11.1 0.75 0.53 0 0 17.9 0.14
D2 0 0 -11.6 0.46 1.52 -5.86 0 4.23 0

and v! = u1, v!! = úx1 is solved the optimal solution basis D is not adjacent to
B !, B !! .

The situation around the collision at T = 1.5 is symmetric: On each side
3 intervals shrink to zero, and if we solve the LP deÞnedby B !, B !! and by
v! = úx1, v!! = u1 we obtain the optimal basisC, which is adjacent to B ! but not
to B !! .

As we observe in Figure 4, in all three solutions, in the Þrst interval B !

is optimal with x1 starting at the value x0
1 = 3 and decreasingat the rate2

| úxB "

1 | = 4, and at this rate it would reach zero after $! = x 0
1

| úx B "
1 |

= 0.75. In the

last interval B !! is optimal with q1 starting (in reversed time) from the value
qN

1 = 4.5 and decreasingat rate3 | úqB ""

1 | = 6, and at this rate it would reach zero

after $!! = qN
1

| úqB ""
1 |

= 0.75.

When T = 1.5 we have $! + $!! = T and both x1(t) and q1(T $ t) hit
zero simultaneously at the breakpoint t1 = 0.75. When T < 1.5 there is some
overlap, and both x1(t), q1(T $ t) > 0 in the interval of C. When T > 1.5 both
x1(t) = q1(T $ t) = 0 in the interval of D . However instead of just the C, D
intervals, on both sides of the collision there are 3 intervals between B !, B !! ,
with x2, q2 starting and returning to zero on the T < 1.5 side, and with x3, q3

starting and returning to zero on the T > 1.5 side. As T ' 1.5 from either side
the triangles formed by these variables retain their shapes and shrink in size,
and disappear all together at T = 1.5.

If weperturb the problem this will changethe slopesof the state variablesand
the times of the breakpoints, but we would still have a range of time horizons
in which the base-sequenceB !, C, C1, C2, B !! is optimal, and a range of time
horizons in which the base-sequenceB !, D1, D , D2, B !! is optimal. The triangles
formed by x2, q2, x3, q3 will have slightly di!eren t slopes,but they would still be
there, and would still shrink to zero all together at the collision. Hence,(a) and
(b) will remain violated for the perturb ed problem.

2 rounded from actual value of ẋB "

1 = ! 4.13.
3 rounded from actual value of q̇B ""

1 = ! 5.96.
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6.2. Solution along a di"er ent parametric line

We now solve the sameproblem for the Þxed time horizon of T = 1, and we let
the values of x0

1, qN
1 vary, along the parametric line x0

1(&) = 2&, qN
1 (&) = 3&. In

fact we have already solved this problem for &= 1.5, 1.0, 0.75. The solutions are
given respectively by the top, middle, and bottom drawing of Figure 4, in the
time intervals betweenthe vertical dashedlines (comparethis with Corollary 7).
Changing & along this line, we obtain the following optimal solutions:

Rangeof & Optimal base-sequence
&= 0 D
0 < &< 0.1212 D1, D , D2

0.1212< &< 0.325 B !, D1, D , D2

0.325< &< 1.0 B !D1, D , D2, B !!

&= 1.0 B !, B !!

1.0 < &< 1.83 B !, C, C1, C2, B !!

1.830< &< 2.095 B !, C, C1, C2

2.095< &< 2.210 B !, C
2.210< &< & C

In Figure 5 we look at the intersection of the validit y coneswith the plane
formed by the parametric lines (T > 0, & = 1.5) (of the previous Section 6.1)
and (T = 1, &> 0). The points a, b,c,d,e correspond to the solutions in Figure
4. The diagonal line through b,d is the boundary between the validit y regions
of B !, C, C1, C2, B !! and B !, D1, D , D2, B !! , and along this line the optimal base-
sequenceis B !, B !! . The line &= 0 is the validit y region of the base-sequenceD.

a b c

d

e

$ " 1 5.

T " 1 T

$

C

!B C

!B CC C1 2

! !!B CC C B1 2

! !!B D DD B1 2

!B D DD1 2

D DD1 2
D

Fig. 5. Validity cones of the various optimal base-sequences
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Two features are important here: First, we seethat along the line of T =
1, &> 0 we can move from optimal base-sequenceD to B !, B !! , as 0 < &< 1, and
we passthrough B !, D1, D , D2, B !! along the way (similarly , as & changesfrom
& down to 1 we move from C to B !, B !! , with B !, C, C1, C2, B !! along the way).
Second,on the diagonal line through b,d, which is the validit y region of B !, B !!

we have $! + $!! = T, while above this line $! + $!! > T and below it $! + $!! < T.
This corresponds roughly to q1 hitting zero before x1 above the line, and to x1

hitting zero before q1 below the line. This corresponds roughly to the zeroesof
q1 and x1 moving past each other in the pivot. Thesefeaturesare usedin solving
the subproblem.

In Figure 6 weplot the validit y regionsof all the relevant basesasthey appear
in the intersection of the plane (T = 1, x0

1 " 0, qN
1 " 0). We will return to this

in Section 8.1, where we also deÞnethe dashedlines ' C (&), ' D (&).

a

b

c

d

e

T " 1 x1
0

qN
1

C

!B C

 f

0

 g

!B
 h

!B D DD1 2

!B D D1D D1

CC C B1 2 !!

lC( )$

! !!B CC C B1 2

! !!B D DD B1 2

lD( )$

Fig. 6. Validity regions of the various optimal base-sequences on the T = 1 x0
1 , qN

1 plane

6.3. Formulation and solution of a subproblem

Consider again x0
1 = 3, qN

1 = 4.5 and the collision as T 0 1.5. What do we need
to add to the simpliÞed algorithm to perform the pivot here?

First, wehave3 intervals that shrink to zero,soall thesebaseswill beremoved
from the base-sequence.Next we needto deÞnewhich of u1, úx1 is v! and which
is v!! . The deÞnition v! = B !\ C, v!! = B !! \ C can no longer be usedsincewe have
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no identiÞcation of who among C, C1, C2 should serve as C, and none of them
is adjacent to both B !, B !! . Instead we calculate:

R =
T $ 0

$! + $!! =
T $ 0

x 0
1

| úx B "
1 |

+ qN
1

| úqB ""
1 |

=
T $ 0

3
4 + 4.5

6

which is < 1 on the C side, when T < 1.5, and will be > 1 on the D side, when
T > 1.5. This is usedto deÞnev! = u1, v!! = úx1, and when we solve the Rates-LP
we get D .

Next we seethat D is not adjacent to B !, B !! . We now needto useD, B !, B !!

to construct the optimal base-sequenceB !, D1, D , D2, B !! . But this is already
spelled out in the solution along the line &: We will start from & = 0 where D
is optimal, and move along the parametric line towards & = 1, where B !, B !!

is optimal. The validit y interval before & = 1 is the solution B !, D1, D , D2, B !! .
The boundary conditions are: T = 1, x0

1 = 0, qN
1 = 0, at & = 0 and T = 1, x0

1 =
1
2 úxB "

1 = 2, qN
1 = 1

2 úqB ""

1 = 3, at &= 1.
Two things to note about the solution of the subproblem from & = 0 to

& = 1: First, at & = 0 we have two collisions, one at t = 0 and one at t = 1, so
we need to perform two pivots to obtain D1, D , D2 which is optimal for small
&> 0. Second,compound collisionsand non-adjacent LP-solutions canalsooccur
during the solution of a subproblem. In the solution in Section 6.2, Figure 5, a
pivot from &> 2.095to &< 2.095requiresthe solution of a subproblem,in which
two basesare added to the sequenceB !, C to obtain the sequenceB !, C, C1, C2.

7. The general algorithm

We now present the generalalgorithm, without the simplifying assumptions(a),
(b). We will however retain the assumption that all the collisions are single.
Following the previous discussionand exampleof Section 6, we needto address
several issues.

First of all, wewill now generalizethe algorithm to work alongany parametric
line of boundary values,in contrast to the simpliÞedalgorithm in which we kept
x0, qN Þxedand only varied T. This provides us with a more generalalgorithm,
but it is alsonecessary, sincewe needthe algorithm in this form in order to solve
subproblems.

Next we needto modify the classiÞcationstep. We needto include the case
when several intervals shrink to zero.In particular in this casewe needto modify
the deÞnition of v!, v!! . We alsoadd another collision type, which could not occur
in the simpliÞed algorithm. It may occur in the initial stepsof the solution of a
subproblem, when the boundary valuesmay be on the boundary of C.

Finally, when the basis D , obtained in the solution of the Rates-LP, is not
adjacent to B ! and to B !! , we need to construct a sub-sequenceof basesto be
inserted between B !, B !! . To do so it is necessaryto solve a subproblem. We
needto provide the formulation of the subproblem, and we then call the general
SCLP algorithm recursively Ñ subproblemsof subproblemsmay occur.
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Apart from its recursive nature the general algorithm contains only a few
modiÞcations from the simpliÞedalgorithm. For the sake of completenesswe list
again all the steps.

¥ Input
Problem data consists of G, H , F, a, b,c,d, an initial set of boundary values
Tstar t , x0

star t , qN
star t , a goal set of boundary valuesTgoal , x0

goal , qN
goal , and the op-

timal base-sequencein the neighborhood of Tstar t , x0
star t , qN

star t .

¥ Output
Optimal solution of the SCLP at Tgoal , x0

goal , qN
goal : optimal base-sequence,break-

point times, rates u, úx, p, úq in each interval, and states x(t), q(Tgoal $ t) at each
breakpoint.

¥ Initialization
Let ' (&) bethe straight line in R1+ I + J + K + L with ' (&star t ) = (Tstar t , x0

star t , qN
star t ),

' (&goal ) = (Tgoal , x0
goal , qN

goal ), &star t < &goal . Let

( ' = (( T, ( x0, ( qN ) =
(Tgoal , x0

goal , qN
goal ) $ (Tstar t , x0

star t , qN
star t )

&goal $ &star t

Set: Left endpoint parameter &= &star t ,
let B1, . . . , BN be the optimal base-sequencefor ' (&star t ) + )( ' for ) " 0 small
enough.

¥ Iteration

The iteration starts from current left endpoint parameter &, boundary conditions
' (&) and current base-sequenceB1, . . . , BN . This is optimal, with unique optimal
solution possessing$, %> 0, for boundary values ' (&), where & = &+ )( ' , and
where ) > 0 is small enough.The iteration performs the following steps:

¥ Find right endpoint of validity range
Obtain un , úxn , pn , úqn , n = 1, . . . , N , for the current optimal base-sequence.
Obtain the coe"cien ts of A, B for the Breakpoint-Equations (13).
Obtain right hand side columns (T, g, h) from ' (&).
Solve (13) with right hand side (T, g, h) to obtain ($, %).
Obtain right hand side columns (( T, ( g, ( h) from ( ' .
Solve (13) with right hand side (( T, ( g, ( h), to obtain (( $, ( %).
Find 1/ ) = max{ 0, # " #n

#n
, # " $m

$m
all m, n} .

Right endpoint parameter is &= &+ ) .
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¥ Termination test and conclusion
If &< &goal ! & terminate:
B1, . . . , BN is the optimal base-sequence,with ratesun , úxn , pn , úqn , n = 1, . . . , N .
Solve Breakpoint-Equations (13), with right hand side obtained from ' (&goal ) to
obtain $.
Obtain breakpoints 0 = t0 < ááá< tN = Tgoal .
Calculate the valuesx(tn ), q(Tgoal $ tn ), n = 0, . . . , N .

¥ Classify collision as &0 &

Type-I: $n " , . . . , $n "" shrink to 0 where 1 = n! ! n!! < N , or 1 < n! ! n!! = N ,
or where 1 < n! ! n!! < N , and |Bn " # 1\ Bn "" +1 | = 1.

Type-II: $n " , . . . , $n "" shrink to 0 where0 < n! ! n!! < N , and |Bn " # 1\ Bn "" +1 | =
2.
Let B ! = Bn " # 1, B !! = Bn "" +1 . Let { v1, v2} = B !\ B !! . Calculate the value of
R from formula (21). If R < 1 let v! = v1, v!! = v2, elselet v! = v2, v!! = v1.

Type-II I: %m which is a local minimum at time tn shrinks to zero, where 0 <
n < N .
Let B ! = Bn , B !! = Bn +1 . Let v = B !\ B !! . If %m = xk (tn ) let v! = v,
v!! = úxk , if %m = qj (T $ tn ) let v! = uj , v!! = v.

Type-II Ia : %m = qj (T) which is a local minimum at time t0 = 0 shrinks to zero.
Let B !! = B1, v! = uj .

Type-II Ib: %m = xk (T) which is a local minimum at time tN = T shrinks to
zero. Let B ! = BN , v!! = úxk .

Type-IVa: x0
k (&) = 0, úxk )# B1, and ( x0

k > 0. Let B !! = B1, v! = úxk .
Type-IVb: qN

j (&) = 0, uj # BN , and ( qN
j > 0. Let B ! = BN , v!! = uj .

¥ Formulate and solvenew Rates-LP/LP "

For Types I I, I I I, I I Ib, and IV b, let K = { k : úxk # B !\ v!! } .
For Type-II Ia , let K = K0, for Type-IVa, let K = K0 / v!.
For Types I I, I I I, I I Ia , and IV a, let J = { j : uj )# B !! / v!} .
For Type-II Ib let J = J N , for Type-IVb, let J = J N / v!! .
Solve Rates-LP/LP " (K, J ) to obtain new basisD .

¥ Formulate and solvea subproblem
If D is adjacent to both B !, B !! no subproblem is needed,let M = 1, D1 = D.
Else, formulate and solve a subproblem (Section 7.2) to obtain a base-sequence
D1, . . . , DM .

¥ Update the optimal base-sequence
For Type-I remove the basesBn " , . . . , Bn "" .
For Type-II replacebasesBn " , . . . , Bn "" by basesD1, . . . , DM .
For Type-II I insert basesD1, . . . , DM betweenbasesBn , Bn +1 .
For TypesI I Ia and IV a insert basesD1, . . . , DM before B1.
For TypesI I Ib and IV b insert basesD1, . . . , DM after BN .
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¥ Set &:= & and go to next iteration

We now need to specify how to calculate R in the deÞnition of v!, v!! , and
how to formulate the subproblem.

7.1. Calculation of R

Assume collision of Type-II has happened, where intervals $n " , . . . , $n "" shrunk
to zero. Let B !, B !! and v1, v2 be as deÞned.Consider the solution at ' (&). Let
T be the time horizon, and let t ! = tn " # 2, t !! = tn "" +1 . Denote by úxB "

the values
of the rates for the primal basisB !, and by úqB ""

the valuesof the dual rates for
the basisB !! . Then:

R =

9
:::::::::;

:::::::::<

x k 1 ( t " )

# úx B "
k 1

=
x k 2 ( t " )

# úx B "
k 2

v1 = úxk1 , v2 = úxk2

qj 2 (T # t "" )

# úqB ""
j 2

=
qj 1 (T # t "" )

# úqB ""
j 1

v1 = uj 1 , v2 = uj 2

( x k ( t " )
# úx B "

k
+ qj (T # t "" )

# úqB ""
j

)
=

(t !! $ t !) v1 = úxk , v2 = uj

(t !! $ t !)/ ( x k ( t " )
# úx B "

k
+ qj (T # t "" )

# úqB ""
j

) v1 = uj , v2 = úxk

(21)

7.2. Formulation and solution of subproblem

For TypesI I and I I I, let B !, B !! , v! , v!! , D be as deÞned,where D is not adjacent
to either B ! or B !! or both. For TypesI I Ia , IVa let B !! , v! , D be asdeÞned,where
D is not adjacent to B !! . For Types I I Ib, IVb let B !, v!! , D be asdeÞned,whereD
is not adjacent to B !. Denote by úxD , úqD the primal and dual rates for the basis
D , and similarly for B !, B !! . We denote by z!, z!! the state variables (primal or
dual) corresponding to the rates v!, v!! : if v = úxk then z = xk and if v = uj then
z = qj .

¥ Problem data, parameter range, and time horizon
The subproblem has the same G, H , F, a, b,c,d as the original problem. Take
&star t = 0, &goal = 1. Set T = 1 for ' (0) and for ' (1).

¥ Boundary valuesfor inactive variables
For all úxk # B ! 1 B !! ( úxk # D 1 B !! for I I Ia , IVa), set the boundary values
x0

k = Inf , and for all uj )# B ! / B !! (uj )# B ! / D for I I Ib, IVb)) set qN
j = Inf ,

both in ' (0) and in ' (1), where Inf is a large enoughconstant value.

¥ Boundary valuesfor z!, z!!

Theseare given accordingto the di!eren t typesof collision and di!eren t possible
identities of v!, v!! , in the following Table 2.
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Table 2. Subproblem start and goal boundary values of z′, z′′.

Collision Boundary values
type θ v′ v′′ z′ z′′

0

ẋk "

uj "

ẋk
uj

ẋk ""

uj ""

uj
ẋk

x0
k " = ! ẋD

k "

qN
j " = 0

x0
k = ! ẋD

k
qN

j = 0

x0
k "" = 0

qN
j "" = ! q̇D

j ""

qN
j = ! q̇D

j
x0

k = 0
II, III

1

ẋk "

uj "

ẋk
uj

ẋk ""

uj ""

uj
ẋk

x0
k " = ! (1/2)ẋB "

k "

qN
j " = ! (1/2)q̇B ""

j "

x0
k = ! (1/2)ẋB "

k
qN

j = ! (1/2)q̇B ""

j

x0
k "" = ! (1/2)ẋB "

k ""

qN
j "" = ! (1/2)q̇B ""

j ""

qN
j = ! (1/2)q̇B ""

j

x0
k = ! (1/2)ẋB "

k

0
uj
ẋk

qN
j = 0

x0
k = ! ẋD

k
IIIa , IVa

1
uj
ẋk

qN
j = ! q̇B ""

j
x0

k = 0

0
ẋk
uj

x0
k = 0

qN
j = ! q̇D

j
IIIb, IVb

1
ẋk
uj

x0
k = ! ẋB "

k
qN

j = 0

¥ Remaining boundary values
All the remaining boundary valuesare set to 0 for both ' (0) and ' (1).

This deÞnesthe data for the subproblem, which is then solved by a call to
the algorithm. The resulting optimal base-sequencefor ' (1# ) is a sequenceof
adjacent basesB !, D1, . . . , DM , B !! .

8. VeriÞcation of the general algorithm

In this sectionwe verify the generalalgorithm of Section7. To state this we Þrst
needto rephraseAssumption 1.

Assumption 3 (Feasibilit y and Boundedness) For the various components
of x0

goal , qN
goal let K0 = { k : x0,goal

k > 0} , J N = { j : qN ,goal
j > 0} . The primal

Rates-LP(* , J N ) and the dual Rates-LP" (K0, * ) are both feasible.

The general algorithm performs a sequenceof SCLP pivots along the line
(' (&star t ), ' (&goal )), which we refer to as the top level, or level 0. It may then
needto solve a subproblem, with its own start and goal boundary vectors, and
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we refer to the SCLP pivots of the subproblem as level 1. If further recursive
calls to the algorithm are made we refer to a subproblem called from level l as
a level l + 1 subproblem. We now prove:

Theorem 7. Assume that Assumptions 3, 2 hold. Assume also that all colli-
sions along the top level parametric line and along all the parametric lines of all
subproblemsare single (simple or compound). Then the algorithm wil l compute
the unique solution of SCLP/SCLP " in a Þnite number of iterations, bounded
by 22I + J + K + L

.

Proof. We need to modify, adapt and extend the arguments used to verify the
simpliÞed algorithm.

We Þrst show that the stepsof the algorithm can be carried out. The initial-
ization here is straightforward, since we assumethat we start with an optimal
solution at ' (&star t ) so Proposition 3 is superßuous.Proposition 4 needsno mod-
iÞcation, so the termination step can be performed.

The classiÞcationstep is now more general,and coversall the possibilities for
a singlecollision, by the addition of Type-II compound collisions.The deÞnition
of v!, v!! now usesthe value of R.

Type-IV collisions arise only if ' (&star t ) has x0
k = 0 while ' (&goal ) has x0

k > 0
for somek (T ype-IVa), or if ' (&star t ) has qN

j = 0 while ' (&goal ) has qN
j > 0 for

somej (T ype-IVb). In that case' (&star t ) is on the boundary of the feasibility
coneC. In particular this may happen at the initial pivots of a subproblem.

The proof of Proposition 5 needs to be modiÞed as follows: The Rates-
LP/LP " which are produced by top level SCLP-pivots with collisions of Type
I I Ia or I I Ib are primal and dual feasibleby Assumption 3 (note that K0 and J N

are the samefor all ' (&), &star t < &! &goal ). For all other top level SCLP pivots
the proof of Proposition 5 holds. Finally, all the Rates-LP/LP " of a level l + 1
subproblem are sandwiched betweenB !, B !! of the level l calling (sub)problem,
and hencethey are primal and dual feasible.Uniquenessof D follows from As-
sumption 2.

We again need to show that the new base-sequenceproduced by an SCLP
pivot is optimal for a range of values & > &. We do so in Proposition 8 which
generalizesProposition 6.

Next we need to show that the total number of SCLP pivots, counting top
level and subproblemsof all levels, is bounded. We show in Proposition 9 that
the bound derived for the simpliÞed algorithm is also valid here.

Finally we need to verify the solution of subproblems,which we discussin
Section 8.1. We show in Propositions 10, 12, 13, and 14 that subproblemscan
be solved, and that they produce the desiredsequenceof basesD1, . . . , DM .

This completesthe proof. !

The proofs of the following propositions are supplied in the Appendix.

Prop osition 8. In an SCLP iteration with a single collision the new base-
sequence is optimal for boundary values ' (&), for & > & small enough, and the
solution has $, %> 0.
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Prop osition 9. The total number of SCLP pivots of the general algorithm,
counting iterations of the top level and iterations of the subproblemsof all levels,
is bounded by 22I + J + K + L

.

8.1. verifying the solution of subproblems

We will discussmainly collisions of Type-II, in which we have basesB !, B !! and
B !\ B !! = { v1, v2} . The results we get are easily adapted to the other types
of collisions. Without loss of generality we will assumethat the quantit y R
calculated in (21) is ! 1 (since if we exchangev1, v2 we get the value 1/R ). We
let z1, z2, be the state variables corresponding to v1, v2.

If we let v! = v1, v!! = v2 and formulate and solve the Rates-LP of the
iteration, we get the optimal basisD . We consideralso the Rates-LP with v! =
v2, v!! = v1 and let C be its optimal basis. If C and D are adjacent to B !, B !!

then we are in the situation of the simpliÞed algorithm.
When D is not adjacent to B !, B !! we formulate a subproblem in terms of

B !, B !! , v1, v2, D , and solve it along a parametric line segment ' D (&), 0 ! & ! 1
(as in Section 7.2). Analogously we can formulate a subproblem in terms of
B !, B !! , v2, v1, C, to besolvedalong the parametric line segment ' C (&), 0 ! &! 1.
We refer to theseas the D and C subproblems(they are well deÞnedalso when
D or C are adjacent to B !, B !! ).

Weconsiderthe intersectionof the feasibility coneC ( R1+ I + J + K + L with the
plane of the z1, z2 coordinates, with the Þxedvalue of T = 1 and the remaining
coordinates Þxedat 0 or Inf . Each point in this plane deÞnesa set of boundary
values.In particular, ' D (&), ' C (&), 0 ! &! 1 are two line segments on this plane
with common endpoint at &= 1. This is illustrated for the exampleof Section 6
in Figure 6.

At each point in the z1, z2 plane we can calculate the ratio R(z1, z2):

R(z1, z2) =

9
:::::::;

:::::::<

z1

# úx B "
k 1

=
z2

# úx B "
k 2

v1 = úxk1 , v2 = úxk2

z2

# úqB ""
j 2

=
z1

# úqB ""
j 1

v1 = uj 1 , v2 = uj 2

( z1

# úx B "
k

+ z2

# úqB ""
j

) v1 = úxk , v2 = uj

1/ ( z2

# úx B "
k

+ z1

# úqB ""
j

) v1 = uj , v2 = úxk

(22)

The following propositions verify the solution of the subproblem, proofs are
given in the appendix. We note Þrst:

Prop osition 10. If Inf is large enough then none of the state variables with
initial value Inf hit zero throughout the solution of the subproblems.

We now assumethat the value of Inf is chosenlarge enough to satisfy this
condition. We next derive properties of the ratio R:

Prop osition 11. (i) The value of the ratio R(z1, z2) = 1 if and only if z1, z2 is
in the validity region of the base-sequence (B !, B !! ).
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(ii) If z1(&), z2(&) are a!ne functions of & then the ratio R(z1(&), z2(&)) is
monotone in &.

(iii) In the interior of the validity region of any base-sequence which is di"er ent
from (B !, B !! ), the ratio is either always> 1 or it is always< 1.

(iv) The optimal base-sequence for ' D (0) is D , and R(' D (0)) > 1.
(v) The optimal base-sequence for ' C (0) is C, and R(' C (0)) < 1.

Prop osition 12. The solution of the subproblem wil l terminate with a base-
sequence (B !, D1, . . . , DM , B !! ).

Prop osition 13. The newbase-sequence is di"er ent from the current base-sequence.

Finally, we needto verify the initial step of the subproblemsolution. Herewe
have the exceptional situation that the initial base-sequenceD is valid only at
&= 0, and it has two collisions, one at t = 0 and one at t = 1. To initialize the
solution we perform the pivots appropriate for each of those to obtain the basis
D ! for the collision at t = 0 and the basisD !! for the collision at t = 1. If those
are not adjacent, we solve subproblems to obtain base-sequencesD !

1, . . . , D !
N "

and/or D !!
1 , . . . , D !!

N "" . We have:

Prop osition 14. One of the sequences (D !, D ), (D , D !! ) or (D !, D , D !! ) (more
generally (D !

1, . . . , D !
N " , D ), (D , D !!

1 , . . . , D !!
N "" ), or (D !

1, . . . , D !
N " , D , D !!

1 , . . . , D !!
N "" ))

is optimal for &> 0 small enough.

9. The algorithm with no assumptions

We now extend the algorithm, to make it independent of assumptions.

¥ Extended algorithm

¥ Termination with no solution

If the collision is of Type-II Ia and the Rates-LP is unbounded, then for &> &
there is no optimal solution of the primal problem with boundedmeasurable
primal controls.

If the collision is of Type-II Ib and the dual Rates-LP" is unbounded, then
for & > & there is no optimal solution of the dual problem with bounded
measurabledual controls.

¥ ClassiÞcation step
If the collision is multiple, perturb a, b,c,d to make it into a single collision.

¥ Rates-LP solution step
If D is degenerate,perturb a, b,c,d to make it non-degenerate



A Simplex Based Algorithm to Solve Separated Continuous Linear Programs!! 41

¥ Iteration
When the algorithm reaches &goal with the perturb ed problem, or when the
perturb ed problem has no solution beyond &, examine the Þnal optimal base-
sequenceB1, . . . , BN .

Ð If B1, . . . , BN is valid for the unperturb ed problem data, or has no solution
beyond & for the unperturb ed problem data, compute the optimal solution
at &goal or &.

Ð Else reducethe perturbation sizeand repeat the solution process.

Theorem 8. The algorithm wil l reach an optimal solution for &goal in a Þnite
number of steps, or wil l determine that there is no primal or no dual optimal
solution with bounded measurable controls beyond &.

Proof. For small enoughperturbations all the Rates-LP problems (for all possi-
ble choicesof sign restrictions) will have the sameoptimal basisfor the perturb ed
and the unperturb ed problem.

Hencethe optimal base-sequenceof the perturb ed problem will satisfy con-
ditions (i) admissible and adjacent, (ii) consistent with the boundary, for the
original problem as well as for all problems with smaller perturbations.

Furthermore, as the perturbations decrease,the optimal solution will con-
vergeby contin uit y. Recall that the number of intervals in any solution is bounded.
Hence there exists a small enough perturbation size such that for its optimal
base-sequencethe valuesof $, %in the solution of the Breakpoint-Equations (13)
will be positive for all smaller perturbations, as well as non-negative for the
original data.

Henceafter a Þnite number of steps,when a small enoughperturbation size
hasbeenreached, the Þnalbase-sequencewill beoptimal for the original problem,
either at &goal or at &. In the latter casethe Rates-LP (or Rates-LP" ) will be
unbounded for the original data. !

We can now complete the proofs of the Dualit y, Existence, Uniquenessand
Structure results:
Proof of Theorem 1:
As wesaw, if Assumption 1 holds then in collisionsof Types I I Ia ,b Rates-LP/LP "

are feasibleand bounded,and possessoptimal solutions. Hence,for small enough
perturbations, the modiÞedalgorithm will not terminate before&goal , and it will
construct optimal primal and dual solutions as required. !

Proof of Corollary 2:
Part (i) follows from Theorem 1. x(0), q(0) are the samefor all T by the con-
struction. Part (ii) follows from the proof of Proposition 3. For part (iii) note
that if a basesequenceis valid for & < T < & then it contains an interval in
which all the rates are " 0. !

Completing the proof of Theorem 3:
We now show the converse side of the Theorem: Consider a problem which
satisÞesAssumptions 1, 2 and assumeTgoal , #goal , " goal is in the interior of C.
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The modiÞed algorithm will construct a solution which will satisfy (i), (ii), (iii)
except that the solution may include somecollisions at someof the breakpoints.
In that casewe can chooseany random direction of ( T, ( #, ( " , solve subproblems
at the collisions, and move small ) away in this direction. We then obtain
solutions with adjacent basesand all positive $, %. !

Proof of Theorem 2:
This follows from the converse part of Theorem 3 and from the uniqueness
corollary 5 !

10. Implemen tation

In implementing the algorithm we note the following: At each SCLP iteration
onecan usethe results of the previous iterations in the solution of the Rates-LP
and in the solution of the Breakpoint-Equations (13).

In the solution of the Rates-LP deÞnedby B !, B !! , v! , v!! if the optimal so-
lution D is adjacent to B !, B !! then it can be obtained by a single pivot from
either B ! or B !! . The choice of this pivot is reminiscent of a step in the Criss
Cross method for LP developed by Fukuda and Terlaky [15]. In the solution of
the Breakpoint-Equations (13) we can start from the solution of the previous
iteration and only changea single column of coe"cien ts. It follows that if N , M
are comparable to I + J + K + L then a single SCLP pivot requires about the
sameamount of work as a pivot of standard LP of comparablesize.

Control problemsare often solved by calculating an optimal feedback control
for every state. For SCLP we do not try to obtain a global feedback control,
since that would be equivalent to enumerating all the validit y regions in the
1+ I + J + K + L dimensional spaceof boundary values.However, if we have an
optimal solution for a problem for one set of boundary values, and we wish to
solve it alsofor somecloseby boundary values,this may bedonequite e"cien tly:
Wewould movefrom oneoptimal solution to the other usingour parametric steps
along the line segment connecting the two boundary value vectors. If the two
vectors are closethe number of SCLP pivots may be small.

In practice one often usesa rolling horizon optimal control: The problem
is solved for a time horizon T, and the optimal solution is used for a duration
) < T, and the problem is then solved again at intervals of ) , with updated
current state, for the same time horizon T. Each time the problem is solved
again, the previous solution can be usedas a starting solution.

We have implemented the algorithm in a MATLAB 5 program. No attempt
was made to make the algorithm e"cien t or stable. It can currently solve a
typical problem of dimension I + J + K + L = 100 in a few hundred iterations.
Instabilit y is partly the result of improper distinction betweensmall valuesand
between genuine 0 Ñ this is currently tested by some tolerance parameters,
which are preset. With large problems it becomesdi"cult to choose the right
tolerance.

In Figure 7 we present a plot of the steps of the algorithm. It presents the
solution of a randomly generatedproblem with K = 5, J = 8, I = 3, L = 2.
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Fig. 7. Plot of the evolution of the solution by the algorithm

It was solved for all T from 0 to & . The solution required a total of 33 SCLP
pivots, with 25pivots at the top level and 3 calls to subproblemsthat weresolved
in 2, 4, 2 pivots respectively. In this Þgure the vertical downward pointing axis
is the time horizon T. Horizontal axis is the time 0 < t < T. What is plotted for
each T are the locations of the breakpoints. Horizontal lines are plotted at the
T of each top level pivot. We can read from this Þgurethe exact evolution of the
top level iterations of the algorithm: Collisions of Type-I, I I, or I I I, I I Ia , I I Ib, are
easily recognized.The last optimal base-sequenceis valid for 128.2 < T < & .
We can seehow for T > 128.2 the interval betweent = 80 and t = 100is growing
with T at rate 1, while all the other intervals remain of Þxed length.
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App endix: Completion of Pro ofs

In this appendix we supply the remaining proofs.

Proof of Proposition 8:
Clearly the new base-sequenceconsistsof admissiblebases,and by construction
the new sequenceconsistsof adjacent bases,and is consistent with the boundary
values.

By the structure Theorem 3 all we need to show is that for ' (&) + )( ' , the
solution of the Breakpoint-Equations (13), formed from the new base-sequence,
are $, %> 0 if ) > 0 is small enough.

Wefollow the samearguments asin the proof of Proposition 6. The situations
not covered there are collisions in which more than one interval shrinks to zero,
and collisions when more then one new interval is inserted. We could have one
of these or both of these happen in an SCLP pivot. We consider the casethat
both happen. The proof when only one happensfollows trivially . So we assume
that intervals $n +1 , . . . , $n + N " with basesC1, . . . , CN " shrink to zero, and are
replacedby new intervals ÷$1, . . . , ÷$N "" , with basesD1, . . . , DN "" . We also denote
by B !, B !! the basesadjacent to theseon both sides.

We again examine how the Breakpoint-Equations (13) are changed by the
pivot, by comparing the equations for the old and the new base-sequence.Since
$n +1 , . . . , $n + N " shrink to zero, we remove the N ! columns of coe"cien ts be-

longing to them from the matrix

*

+
1. . . 1 0

A 0
B $ I

,

- . In addition, since |B !\ B !! | = 2,

we can remove all the equations of those variables which both enter and leave
(or leave and enter) at the time breakpoints tn , . . . , tn + N " , of which there are
N ! $ 1, becausetheseequations can now be reducedto 0 = 0. We then needto
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insert new columns and rows for the new unknowns ÷$1, . . . , ÷$N "" . This consists
of N !! columns and N !! $ 1 rows. The rows consist of the equationsfor variables
that both enter and leave (or leave and enter) in the solution of the subproblem.
After removing and inserting the various columnswe are back with a squarema-
trix of coe"cien ts. The right hand sides(T, g, h) and (( T, ( g, ( h) are adjusted
accordingly.

We can now rewrite the old and the new equations.We usesomemanipula-
tions in which we subtract somerows from others, we reorder rows and columns,
we useA1, g1, ( g1 to denotethe coe"cien ts of the equationsand right hand sides
which are common to the old and new equations. We obtain:

'
A1 D
0 E

(

*

7
7
7
7
+

...
$n +1

...
$n + N "

,

8
8
8
8
-

=
'

g1

e1

(
+ )

'
( g1

( e1

( '
A1 ÷D
0 ÷E

(

*

7
7
7
7
+

...
÷$1
...

÷$N ""

,

8
8
8
8
-

=
'

g1

÷e1

(
+ )

'
( g1

( ÷e1

(

(23)

where E, ÷E are squareN !, N !! matrices, and where all of e1, ÷e1, ( e1, ( ÷e1 are vec-
tors with Þrst component )= 0 and the remaining components = 0.

The key observation now is that the equations:

/
÷E

0
*

7
+

÷$1
...

÷$N ""

,

8
- = [÷e1] + ) [( ÷e1]

are exactly the equationsobtained by similar manipulations of (13) for the sub-
problem. But the equations for the subproblem have solutions in which all the
intervals are positive. This implies, because[÷e1] + ) [( ÷e1] is just a multiple of
a unit vector, that in the solution of the equations (23) all the components of
÷$1, . . . , ÷$N "" have the samesign, i.e. they are either all zero, all > 0 or all < 0.
If we take ) = 0 the solution of both sets of equations (23) is the same,with
$n +1 = ááá= $n + N " = ÷$1 = ááá= ÷$N "" = 0.

We now useexactly the argument of Proposition 6 to show that
'

A1 D
0 E

(
is

invertible, and that the unique solution for ) > 0 has ÷$1 = ááá= ÷$N "" > 0, and
therefore for ) > 0 small enoughall $, %> 0. !

Proof of Proposition 9:
For the proof we needto extend Theorems3 and 4 to non-adjacent sequencesof
bases.For a sequenceof admissible,non-adjacent, consistent with the boundary
values bases,deÞne an extended system of equations (13): Include in A one
equation row for each state variable that hits zero between any two bases,in
other words, if úxk or uj is in Bn # 1\ Bn include an equation for xk (tn ) = 0 or
qj (T $ tn ) = 0. If the resulting $, %are non-negative the solution is optimal. It is
alsounique. If such a base-sequenceis optimal for two setsof boundary values,it
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is optimal for the line segment of boundary valuesconnecting them. The proofs
of theseextendedversionsare similar to the proofs of the original results.

Consideran iteration in a level l " 1 subproblem.Let &0 be the current value
of the parameter along the top level parametric line, and write the current nested
sequenceof basesasB1, . . . , Bn , D1, . . . , DM , Bn +1 , . . . , BN , wherethe collision
for parameter value &0 occurred at tn , between Bn , Bn +1 , and D1, . . . , DM in-
cludesall the current new basesof the level 1, . . . , l subproblems.Assumethat
the subproblem at level 1 is not yet solved, so that either |Bn \ D1| > 1 or
|DM \ Bn +1 | > 1 or both.

For easeof notation renamethe basesin the nestedsequenceas E1, . . . , EL .
Recall that all the basesin the nested sequenceare di!eren t with decreasing
valuesof Rates-LP objectives.

For the top level problem, construct the extended system of equations (13)
for the base-sequenceE1, . . . , EL with the boundary valuesof &0. This will have
a solution in which the intervals of the top level baseshave the samelengths as
in the current top level solution, while the intervals of the basesD1, . . . , DM are
all zero.

We claim that this sequencewill never reappear in a later iteration. Assume
to the contrary that for sometop level parametervalue&1 > &0, in someiteration,
the current nestedsequenceof basesis again E1, . . . , EL .

If that is the case,we can also construct the extended system of equations
(13) for the base-sequenceE1, . . . , EL at the boundary values&1, and those will
again have non-negative $, %.

By the extendedTheorem 3, E1, . . . , EL is optimal for the top level problem
at both &0 and &1, and henceby the extended Theorem 4 for all values& inbe-
tween.We now get a contradiction: At &+ > &0 small enoughthe optimal base-
sequencewhich the algorithm will construct will beB1, . . . , Bn , ÷D1, . . . , ÷D ÷M , Bn +1 , . . . , BN

where Bn , ÷D1, . . . , ÷D ÷M , Bn +1 is the solution of the level 1 subproblem at &0.
But in this solution at &+ all basesare adjacent, and all the intervals are posi-
tiv e. Hencewe have two di!eren t optimal solutions at &+ , which contradicts the
uniquenessof the solution.

The bound now follows as in Proposition 7 !

Proof of Proposition 10:
In the time horizon of T = 1 the value of any primal or dual variable does not
decreaseby more than the value of max | úxk , úqj | where the maximum is taken
over all the Þnitely many feasible and bounded primal and dual basesof the
Rates-LP/LP " . !

Proof of Proposition 11:
(i) We consider v1 = úxk , v2 = uj . The 3 other casesare similar. (B !, B !! ) is
an optimal base-sequence,with breakpoints 0 < t1 < 1, if and only if z1(0) =
$ úxB "

k t1, z2(0) = $ úqB ""

j (1 $ t1), which is equivalent to z1

# úx B "
k

+ z2

# úqB ""
j

= 1.

(ii) This is so becauseR is a ratio of two nonnegative a"ne functions, and
hence it is contin uous, and can be either constant, or strictly increasing, or
strictly decreasing.
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(iii) Clearly, if a base-sequenceis not (B !, B !! ) then it must have somepoints
in its validit y region where R )= 1. Assume that in the interior of the validit y
regionof a givenbasessequenceR(z!

1, z!
2) < 1, R(z!!

1 , z!!
2 ) > 1. Then by contin uit y,

along the line segment connecting the two points, there is a point (z1, z2) where
the ratio is 1. But then by (i) this point will also be in the validit y region of
(B !, B !! ). So(z1, z2) must be on the boundary of the validit y regionsof the given
base-sequenceand of (B !, B !! ). But the two endpoints of the line segment are
not in the validit y region of (B !, B !! ). This is a contradiction.

(iv) We considerÞrst v1 = úxk , v2 = uj , in which caseuj )# D , úxk # D . From
the table in Section7.2 the boundary values' D (0) arex0

k = $ úxD
k , and qN

j = $ úqD
j .

By the uniquenesscorollary, ' D (0) is not in the validit y region of B !, B !! . One
can then check that all (z1, z2) with z1 " $ úxD

k and z2 " úqB ""

j are in the validit y
region of D . Clearly for z1, z2 large enough the ratio R = z2

# úx B "
k

+ z1

# úqB ""
j

will be

arbitrarily large, so the validit y region of D contains points with R > 1. By (iii)
this implies that R(' D (0)) > 1. In the other 3 possiblechoicesof v1, v2 we have
R(' D (0)) = & > 1.

(v) Follows from R(z1, z2) = 1/R (z2, z1). !

Proof of Proposition 12:
Clearly at ' D (1) the optimal base-sequenceis (B !, B !! ) with R = 1 and at ' D (0)
the optimal base-sequenceis D with R > 1. By the lemma, the ratio is R > 1 in
each of the validit y regionsalong the line ' D (&) (in fact, by uniquenessit is easily
seento be decreasingmonotonically in &). So ' D (1) must be on the boundary
of the validit y region of a base-sequencewhich is di!eren t from (B !, B !! ), with
a collision occurring as &0 1. Since |B !\ B !! | = 2 the collision is not Type-I. It
is also not Type-II I, becausethat would imply that R < 1 in the validit y region
prior to the last collision. Hencethis collision must be Type-II, and the optimal
base-sequencein the last iteration is (B !, D1, . . . , DM , B !! ) as required. !

Proof of Proposition 13:
This is obvious for all types of collisions except Type-II. For collision Type-
I I we need to show that the base-sequence(B !, D1, . . . , DM , B !! ) produced by
the solution of the subproblem is di!eren t from (B !, C1, . . . , CM " , B !! ). But this
follows becauseR < 1 on ' C (&) which passedthrough (B !, C1, . . . , CM " , B !! ) and
R > 1 on ' D (&) which passesthrough (B !, D1, . . . , DM , B !! ). !

Proof of Proposition 14:
The point ' D (0) is on the boundary point of four validit y regions, of the base-
sequencesD, (D !, D ), (D , D !! ) and (D !, D , D !! ) (more generallyD , (D !

1, . . . , D !
N " , D ),

(D , D !!
1 , . . . , D !!

N "" ), or (D !
1, . . . , D !

N " , D , D !!
1 , . . . , D !!

N "" )) (seeFigure 6). The bound-
aries are given by four rays radiating from ' D (0).

On the line ' D (&) R is decreasingas & increasesfrom 0 to 1. In the validit y
region of D and on its boundary R is " then its value at ' D (0). Hencethe line
' D (&) for & > 0 small enough will lie in the validit y region of (D !, D ), (D , D !! )
or (D !, D , D !! ). !


